Exercise 6.1 : Solutions of Questions on Page Number : 197

Q1 : Find the rate of change of the area of a circle with respect to its radius rwhen

(a)r=3cm{(b)r=4cm

Answer :
The area of a circle (Awith radius (1} is given by,

2
A=mr"

Now, the rate of change of the area with respect to its radius is given by, j—Azdi[mz)z 2qr
v r

1. When r=3cm,

ﬁ = 27[(3] =6m

dr

Hence, the area of the circle is changing at the rate of 6z cm when its radius is 3 cm.
2. When r=4cm,

ﬁ = 27[(4} =8n
dr
Hence, the area of the circle is changing at the rate of 8z cm when its radius is 4 cm.

Answer needs Correction? Click Here

Q2 : The volume of a cube is increasing at the rate of 8 cm3/s. How fast is the surface area
increasing when the length of an edge is 12 cm?

Answer :
Let x be the length of a side, Vbe the volume, and sbe the surface area of the cube.

Then, V= x*and S= 6x’where xis a function of time .
Itis given that . - 8cm'/s.

dt
Then, by using the chain rule, we have:

§ = dar _ d(xj]— d I:’_T'L]-erSIE dx

@ de N AT
dx 8
- —_ = 1
dr 3x° (1)
dS d g oy d g gy dx o
Now, EZE(GI }=£(ﬁx )E [By chain rule]
=I2x.£=l2x-[ 8“}=£
et Ix X

cm’ /s,

Thus, when x=12 cm, ﬁ:?—z cm”s:?
&

Hence, if the length of the edge of the cube is 12 cm, then the surface area is increasing at the rate

of gcmzfs.

Answer needs Correction? Click Here

Q3 : The radius of a circle is increasing uniformly at the rate of 3 cm/s. Find the rate at which the
area of the circle is increasing when the radius is 10 cm.



Answer :

The area of a circle (Awith radius (v} is given by,

A=mr’

Now, the rate of change of area (A) with respect to time (gis given by,

o dr

A _d o i dr
(r{r}r# T

i [B}' chain rule]

It is given that,

£=3 cm/'s

dt

d—A=2?[r(3)=61rr
dt

Thus, when r=10cm,

ﬁ=6ﬂ(|0]=ﬁﬂﬂ' cm’ /s
dt

Hence, the rate at which the area of the circle is increasing when the radius is 10 cm is 60rxcm?/s.

Answer needs Correction? Click Here

Q4 : An edge of a variable cube is increasing at the rate of 3 cm/s. How fast is the volume of the
cube increasing when the edge is 10 cm long?

Answer :

Let x be the length of a side and Vbe the volume of the cube. Then,
Ve 3

A (By chain rule)
dt dt

It is given that,

E =3 cm/fs
dr

%zl&x! {3]=9_r3

Thus, when x=10cm,

- 2
ﬂ=9[I[J':|' =900 cm’ /s
dr

Hence, the volume of the cube is increasing at the rate of 900 cm?/s when the edge is 10 cm long.

Answer needs Correction? Click Here

Q5 : Astone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s. At the
instant when the radius of the circular wave is 8 cm, how fast is the enclosed area increasing?

Answer :
The area of a circle (A) with radius (r) is given by 4 = 5.

Therefore, the rate of change of area (AMwith respect to time (tis given by,

dA_d d

1 ndr ﬁ .
E_E{m }_E(m’ ]—_zm . [By chain rule]

at

It is given thatd—f =5cm/s.



ar
Thus, when =8 cm,

dA

E—ER(S]{S] =80n

Hence, when the radius of the circular wave is 8 cm, the enclosed area is increasing at the rate of
80ncm?/s.

Answer needs Correction? Click Here

Q6 : The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of increase of its
circumference?

Answer :

The circumference of a circle (C) with radius (1) is given by

(= 2ar.

Therefore, the rate of change of circumference (C) with respect to time (tis given by,

ac _dC ar (By chain rule)

di dr o dt

It is given ‘[hatﬂ =0.7 em/s.
t

Hence, the rate of increase of the circumferenceis2r(0.7)=1.4n cm/s.

Answer needs Correction? Click Here

Q7 : The length xof a rectangle is decreasing at the rate of 5 cm/minute and the width yis
increasing at the rate of 4 cm/minute. When x= 8 cm and y= 6 ¢cm, find the rates of change of (a) the
perimeter, and (b) the area of the rectangle.

Answer :

Since the length (x)is decreasing at the rate of 5 cm/minute and the width (yis increasing at the rate
of 4 cm/minute, we have:

E = -5 em/min and i =4 cm/min
dt dt

(a) The perimeter (Plof a rectangle is given by,

P=2(x+)
ar _ 2(ﬁ+ﬂ] =2(-5+4)=-2 cm/min
dt dr dt

Hence, the perimeter is decreasing at the rate of 2 cm/min.
(b) The area (AJof a rectangle is given by,
A= xACGE13€ ]y

.'.ﬁzﬂ-y+x-$=—5_v+4x
drdr dt

When x=8 cm and y=6 cm, %:(—Sxfﬁdlxﬂ} cm’ /min =2 em” / min
i

Hence, the area of the rectangle is increasing at the rate of 2 cm2/min.
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Answer needs Correction? Click Here

Q8 : A balloon, which always remains spherical on inflation, is being inflated by pumping in 900
cubic centimetres of gas per second. Find the rate at which the radius of the balloon increases
when the radius is 15 cm.

Answer :

The volume of a sphere (Vwith radius (1) is given by,

V==—m'
3

..Rate of change of volume (Vwith respect to time (tis given by,

H Vi [By chain rule]
dt dr dt

d [4 ,] ar

=—|—mr |-—

drl 3 et
L dr

=4 - —
dt

Itis given thati—y =900 cm” /5.
I

-.900=dnr? . &
dt

dr_ 900 225
dt 4wt W

Therefore, when radius = 15 cm,

dr 225 1

2

di m(15) =®

Hence, the rate at which the radius of the balloon increases when the radius is 15 cm isl cn/'s.
T

Answer needs Correction? Click Here

Q9 : A balloon, which always remains spherical has a variable radius. Find the rate at which its
volume is increasing with the radius when the later is 10 cm.

Answer :

The volume of a sphere (V) with radius (1) is given by ¥ = %m" .

Rate of change of volume (V) with respect to its radius (r}is given by,

V o 4 2
av _d . =—;1:[Ssr')=4-m‘2
dr dr\ 3 3

Therefore, when radius = 10 cm,

W an(10)

=400
dr

Hence, the volume of the balloon is increasing at the rate of 400z cm?.

Answer needs Correction? Click Here

Q10: Aladder 5 m long is leaning against a wall. The bottomn of the ladder is pulled along the
ground. awav from the wall. at the rate of 2 em/s. How fast is its height on the wall decreasine when
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the foot of the ladder is 4 m away from the wall?

Answer ;

Let ym be the height of the wall at which the ladder touches. Also, let the foot of the ladder be x
maway from the wall.

Then, by Pythagoras theorem, we have:

x*+ y?= 25 [Length of the ladder = 5 m]

= y=v25-x"
Then, the rate of change of height (y\with respect to time (t)is given by,
N G
dt 25—y dr
It is given ‘[h.atE =2cmfs.
dt

. ﬁ: —2x

dr 25— x°

Now, when x =4 m, we have:

dv _ -2x4 8

dt J25-4 3

Hence, the height of the ladder on the wall is decreasing at the rate ofg cm's.

Answer needs Correction? Click Here

Q11: A particle moves along the curve 6y = x* + 2. Find the points on the curve at which the y-
coordinate is changing 8 times as fast as the x-coordinate,

Answer :
The equation of the curve is given as:
6y=x+2

The rate of change of the position of the particle with respect to time (¢} is given by,

5£ =3y dx +0
et di
= EE =x’ L
dt dt

When the y~coordinate of the particle changes 8 times as fast as the

dy dx
t

Xx-coordinate i.e.,( T = 8—], we have:

di
E[SEJ =x ﬂ
dt dt
de s dv

=1l6—=x —
di it

::-(x’—lé}%=0
=x =16
= x==4

3
‘u’*.lrhenx:ahyz‘dr RIS

(_AY L7 “0 a1
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Hence, the points required on the curve are (4, 11) and (—4%]

Answer needs Correction? Click Here

Q12: The radius of an air bubble is increasing at the rate of % cm/s. At what rate is the volume of

the bubble increasing when the radius is 1 cm?

Answer :
The air bubble is in the shape of a sphere.

Now, the volume of an air bubble (V) with radius (n) is given by,
F=—mr

The rate of change of volume (Viwith respect to time (tfis given by,

ﬂziﬂi{,ﬁ).ﬂ

dt 3 dr dt
4 .

-3*CrZ
» dr

=4 —
ot

[By chain rule]

It is given that% - cm/s .
t

Therefore, when r=1 cm,

dv

a1y (lj =2mem’/s
dt 2

Hence, the rate at which the volume of the bubble increases is 2zcm?/s.

Answer needs Correction? Click Here

Q13: 5 balloon, which always remains spherical, has a variable diameter %(2_‘:+]]. Find the rate of

change of its volume with respect to x.

Answer :

The volume of a sphere (V) with radius (1 is given by,

Vzim‘]

3

It is given that:

Diameter = %[2x+ 1)

3
=r=(2x+1
4( )

v a2a(3) 21y =2 :
b —31{4} (2x+1) = Iﬁx(ZxH]

Hence, the rate of change of volume with respect to xis as
v _o d 9
1

* —ERE(Z.’:H}" = 6n><3(2.r+ |]=x2=%n(2x+1]3.



Answer needs Correction? Click Here

Q14 : Sand is pouring from a pipe at the rate of 12 cm?/s. The falling sand forms a cone on the
ground in such a way that the height of the cone is always one-sixth of the radius of the base. How
fast is the height of the sand cone increasing when the height is 4 cm?

Answer :

The volume of a cone (Viwith radius (1) and height (hjis given by,
V =l:rrr1h

3
It is given that,

hzlr = r=>06h
6

“V =%n(ﬁh]: h=12mh’

The rate of change of volume with respect to time (tis given by,

dr d dh )
= =12xn—(k)-== [By chain rule
= "1 (R)- 2 By !

=llﬂ{3h2}%

=36mh’ cd
ot

Itis also given that‘:;—Vz 12em’/s.
I

Therefore, when A= 4 cm, we have:

|2=35n(4}2%
T

dh 12 |

dr 36x(16) 48x

Hence, when the height of the sand cone is 4 cm, its height is increasing at the rate ofﬁ cm's .
n

Answer needs Correction? Click Here

Q15: The total cost C(x) in Rupees associated with the production of xunits of an item is given by

C(x)=0.007x" —0.003x" +15x +4000

Find the marginal cost when 17 units are produced.

Answer :

Marginal cost is the rate of change of total cost with respect to output.
: - dC :
~-Marginal cost (MC)=~= = 0.007(3x*)-0.003(2x) +15

=0.021x" = 0.006x +15

When x= 17, MC = 0.021 (17%)- 0.006 (17) + 15
=0.021(289) - 0.006(17) + 15

=6.069-0.102 +15

=20.967

Henre when 17 1inits are nrodiired the maroinal rnstis Re 20 GR7
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Answer needs Correction? Click Here

Q16 : The total revenue in Rupees received from the sale of x units of a product is given by
R(x)=13x"+26x+15

Find the marginal revenue when x= 7.

Answer :

Marginal revenue is the rate of change of total revenue with respect to the number of units sold.
~.Marginal Revenue (MR) =f—i‘f =13(2x) + 26 = 26x+ 26

When x=7,
MR =26(7)+26=182+26=208
Hence, the required marginal revenue is Rs 208.

Answer needs Correction? Click Here

Q17 : The rate of change of the area of a circle with respect to its radius rat r=6cm is

(A) 10A4,~ (B) 12A4,~ (C) 8A4,~ (D) 11A4,~

Answer :

The area of a circle (Awith radius (1} is given by,

A=m

Therefore, the rate of change of the area with respect to its radius ns

dA_d

E—E[mz)zlm‘.

SJWhen r=6cm,

ﬂzznxﬁzl}ncm:f’s

dr
Hence, the required rate of change of the area of a circle is 12zcm?/s.

The correct answer is B.

Answer needs Correction? Click Here

Q18: The total revenue in Rupees received from the sale of x units of a product is given by

R(x)=3x"+36x+5, The marginal revenue, when x=15 is

(A) 116 (B) 96 (C) 90 (D) 126

Answer :

Marginal revenue is the rate of change of total revenue with respect to the number of units sold.
~.Marginal Revenue (MR):% =3(2x)+36=06x+ 36
~When x=15,

MR =6(15)+36 =90 +36=126

Hence, the required marginal revenue is Rs 126.



The correct answer is D.

Answer needs Correction? Click Here

Exercise 6.2 : Solutions of Questions on Page Number : 205

Q1 : Show that the function given by f{x) = 3x + 17 is strictly increasing on R.

Answer :

Letx, and x, be any two numbers in R.

Then, we have:

x, <x, =3y, <3x, = 3x,+17 <30, +17= f(x) < f(x.)
Hence, fis strictly increasing on R.

Answer needs Correction? Click Here

Q2 : Show that the function given by fix) = & is strictly increasing on R.

Answer :

Letx, and x, be any two numbers in R.

Then, we have:

X <x,=2x <2x, e <™ = f(x)< f(x)
Hence, fis strictly increasing on R.

Answer needs Correction? Click Here

Q3 : Show that the function given by fix) = sin xis
(a) strictly increasing in (0%] (b) strictly decreasing in (gn]

(c) neither increasing nor decreasing in (0, =)

Answer :
The given function is fix) = sin x.

S f'(x)=cosx

(a) Since for eachx e [U,%),cosx >0, we have f'(x)>0.
Hence, fis strictly increasing in(ﬂ,g] .

(b) Since for eachx e [gn ],cos x <0, we have f'(x)<0.

Hence, fis strictly decreasing in(g ,n:] .

(c) From the results obtained in (a) and (b), it is clear that fis neither increasing nor decreasing in (0,

7).

Answer needs Correction? Click Here



Q4 : Find the intervals in which the function fgiven by fx) = 2x% - 3xis
(a) strictly increasing (b) strictly decreasing

Answer :
The given function is fx) = 2x° - 3x.
f(x)=4x-3

s f(x)=0 :.r:%

Now, the point% divides the real line into two disjoint intervals i.e., (—ao%] and (%w}

—on
—
|

Ys

& s =

In interval[—ao,%],f’(x}=4x—3{0.

Hence, the given function (7} is strictly decreasing in interval(—ao,%].
. 3 =

In interval i S(x)=4x-3>0.

Hence, the given function (7} is strictly increasing in interval(%,oe} .

Answer needs Correction? Click Here

Q5 : Find the intervals in which the function fgiven by fx) = 2> - 3x2 - 36x+ 7 is
(a) strictly increasing (b) strictly decreasing

Answer :

The given function is fix) = 2x° - 3x% - 36x + 7.

f'(x)=6x"—6x-36=6(x" —x—6)=6(x+2)(x-3)

S f(x)=0=x=-2,3

The points x=- 2 and x = 3 divide the real line into three disjoint intervals i.e.,

(—0,-2),(-2.3), and (3,).

—

Y=

o

—1 I Il
=it T
-2 3

In intervals(—w,-2) and (3,x), f*(x)is positive while in interval
(-2,3), f'(x)is negative.

Hence, the given function (7} is strictly increasing in intervals
(—.-2) and (3,=0), while function (f)is strictly decreasing in interval
(-2 3)

Answer needs Correction? Click Here

Q6 : Find the intervals in which the following functions are strictly increasing or decreasing:

faV w4 2w SRV 1N . Av_ 7w
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(©)-2>8-9x-12x+1(d) 6 - 9x-
(e) (x+ 1P (x-3)°

Answer :

(a) We have,

fx)=x"+2x-5

s f(x)=2x+2

Now,

f(x)=0= x=-1

Point x = - 1 divides the real line into two disjoint intervals i.e., (—=,~1) and (-1,).
In interval(-eo,-1), f"(x)=2x+2<0.

-.fis strictly decreasing in interval (—=,-1).
Thus, fis strictly decreasing for x<- 1.

In interval(-1,%), f'(x)=2x+2>0.

. fis strictly increasing in interval(-1,%).
Thus, fis strictly increasing for x=- 1.

(b) We have,

fX)=10-6x-2x°

s f(x)=-6-4x

Now,

f’(le:tl::»:c:—E
2
The pointx =~%divides the real line into two disjoint intervals i,e.,(—ao,—%) and [—%,w].

. 3y 3
In interval —ao,—E i.e., whenx-:-i,

Answer needs Correction? Click Here

X ,x=>-1,is an increasing function of xthroughout its domain.

c:ﬁ':Sho'.'\nr‘chat::I 1+x)-
y =log( x} 2+x

Answer :

We have,

2x
r=log(l+x)———
y=log(l+x)--"=

Answer needs Correction? Click Here

Q8 Find the values of x for which y = [x(x— 2]]2 is an increasing function.

Answer :

Wa hava
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y=[x(x- Q)T =[x - 2)(]2

% =3'= l(x: - Ex]l:Zx— 2)=4x(x-2)(x-1)

. =0 = x=0,x=2,x=1.
dx

The points x=0, x=1, and x = 2 divide the real line into four disjoint intervals i.e.,
(—o0.,0), (0,1) (L2),and (2,).

In intervals(—x,0) and (1,2), %{ﬂ.
. yis strictly decreasing in intervals (—,0) and (1,2).
dy

However, in intervals (0, 1) and (2, o), * =0,

. yis strictly increasing in intervals (0, 1) and (2, o).
s yis strictly increasing for 0 < x< 1 and x> 2.

Answer needs Correction? Click Here

9: 4sin @ . . . . .
Q Prove that ¥ =————-— is an increasing function of #in 0.2,
(2+cus-‘9} 2
Answer :
We have,
__4sind
(2+cus€]
_dy _(2+cosB)(4cos#)—4sinf(-sinb) :
o (2+cosd)’
_ 8cosd +4cos’ @ +4sin” @ |
(2+cos@)’
_ Bcosd+4 1
(2 +n|::nsﬁ')1
Nuw.ﬁzﬂ.
dx

Bcosf+4
:—3:]

(2+cos8)
= 8cosf+4=4+cos’ @ +4cosd
= cos’ 0 —dcosf =0
= cos#(cost—4) =0
=cosf=0o0r cost? =4

Sincecos @=4, cos 8=10.
c:m;:‘:":():&1‘5’:E
2

MNow,

dy  8cosd+ 4—(4+ cos’ 9+40059‘) _4cos@—cos’ @ cos@(4—cos)
dx (2+cosd) (2+cosd)’ (2+cosd)

In interval(o, g] we havecos8=>0. Also,4>cos8=4-cosd=0.

SLC0s 9{4 —COS 9) = () and also [2 +cns:9): =0



cost(4-cosd)
—_— e

< 0
(24 cosbl )L

::-E::-IJ
dx

Therefore, yis strictly increasing in interval({), EJ
Also, the given function is continuous at x=0 and x = g

Hence, yis increasing in interval[u,%}.

Answer needs Correction? Click Here

Q10 : Prove that the logarithmic function is strictly increasing on (0, ~zA3%).

Answer ;

The given function is /x) = log x.

f’(x)%

Itis clear that for x>0, f*(x)= Lo
X

Hence, fix) = log xis strictly increasing in interval (0, o).

Answer needs Correction? Click Here

Q11 : Prove that the function fgiven by fx) = X% - x + 1 is neither strictly increasing nor strictly
decreasing on (-1, 1).

Answer :
The given function is fix) = x> - x + 1.
s (x)=2x-1

Now, f'(x)=0=x =%.

The point% divides the interval (- 1, 1) into two disjoint intervals i.e.,(—l, %] and [% l].
Now, in interval[—l, %].f'(x]=2x—]«:0.

Therefore, fis strictly decreasing in inter\ral(—l, %J

However, in interval[%, ]],f'{x}=2x—l > 0.

Therefore, fis strictly increasing in interval(%, IJ.

Hence, fis neither strictly increasing nor decreasing in interval (- 1, 1).

Answer needs Correction? Click Here

Q12: Which of the following functions are strictly decreasing on(o,g]?
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1AJ LUS X (D) COS £X (L) CUS 3X (L] Lan X

Answer :

(A) Let f,(x)=cosx.
S (x)=—sinx

In interval( U,g].ﬂ{,r} =—sinx <0

~ M (x)=cosx is strictly decreasing in intewal(r_}, EJ
(B) Let f,(x) =cos2x.

o Sy (x)=-2sin2x

Now, 0 <x -::g:ﬂj c2ren=snix>0=-Zanix <0

fw'[‘.‘} ==2s5in2x <0 on [U,g]

= fy(x)=cos2x is strictly decreasing in intewal(t}, g]

(C) Let £; (x) = cos 3.
. fi(x)=-3sin3x
Mow, £l x)=0.

= sin3x=0=>3x=n,asxe(0,g]

T
= X=—
3

The point ngdivides the intemal(l}, %Jinto two disjoint intervals

{
ie., DLU, E] and [E,E].
3 12
o T o . T
Mow, in interval [U,EJ,JQl_m:—Bsm 3x <0 [as ] ~::x~::§:>0 < 3x *’(Tlii|_

fais strictly decreasing in interval [0, g]

3

However, in interval E s Lalxi==3sn3x >0 [as x <X {E =m<3x {_11: .

32 3 2 2

. . . ) P m T

.. s strictly increasing in mterval(g, EJ.
Hence, f5 is neither increasing nor decreasing in interval([}, g
(D) Let f; (x)=tanx.
o fi(x)=sec’ x
In imterval[(}, g],ﬂ[.r}=sec:x>{].

. fy is strictly increasing in intervallsZ

Answer needs Correction? Click Here
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Q13 : On which of the following intervals is the function fgiven by f(x)=x"+sinx—1 strictly

decreasing?
(A) (0, 1) (B) G n}

(© (o, g] (D) None of these

Answer :

We have,

F(x)=x""+sinx-1

o S (x)=100x" +cos x

In interval(0, 1), cosx>0and 100x™ > 0.

S (x)=0.

Thus, function fis strictly increasing in interval (0, 1).

In interval [gx ].cos x <0 and 100 x™ >0, Also, 100 x™ »cos x

S f(x)=0in [g,n}
Thus, function fis strictly increasing in interval(g, n:].

In interval [G, g],cosx =0 and 100x™ =0,

2100 +cosx =0

= f'(x)=0o0n [D, %]

.. fis strictly increasing in inter\ral(l}, EJ
Hence, function fis strictly decreasing in none of the intervals.

The correct answer is D.

Answer needs Correction? Click Here

Q14 : Find the least value of a such that the function fgiven f(x)=x"+ax+1is strictly increasing on
(1,2).

Answer !

We have,

F(x)=x"+ar+1

S f(x)=2x+a

Now, function fwill be increasing in (1, 2), if f'(x)>0in (1, 2).
f(x)=0

= 2x+a=>0

= 2x>-a



-
= X>—

2
Therefore, we have to find the least value of a such that
x> 2, whenx (1, 2).

2

=l

::-x:-? {when 1 <x<2)

Thus, the least value of afor fto be increasing on (1, 2) is given by,

2

1= a==2
3

Hence, the required value of ais- 2.

Answer needs Correction? Click Here

Q15: Let | be any interval disjoint from ( - 1, 1). Prove that the function fgiven by

f(x)=x+ ! is strictly increasing on |.
X

Answer ;
We have,

The points x=1 and x=- 1 divide the real line in three disjoint intervals i.e.,
(—e0,-1),(-1, 1), and (1, =).

In interval (- 1, 1), it is observed that:

“l=zx=<l

a2
=x <l

:>1<L,, x=0
e

::vl—l1<0, x=0
e

.'.f’(x}:l—xL:d] on (-1, 1)~ {0}.

. fis strictly decreasing on (-1, 1)~{0}.
In intervals(-e=,—1) and (1, =), it is observed that:

x<=lorl=x
=x'>1
1

=1>—
e

:1—;::0
o

ﬁ.f’(x}zl—%‘}ﬂ on (—-:-r:u—l] and[l, -:o).



. fis strictly increasing on(—o, 1)and(1, =).

Hence, function fis strictly increasing in interval | disjoint from (- 1, 1).
Hence, the given result is proved.

Answer needs Correction? Click Here

Q16 Prove that the function fgiven by fix) = log sin x s strictly increasing on (Og] and strictly

. n
decreasing 0“(5’“}

Answer :

We have,

f(x)=logsinx

f'(x)=——cosx=cotx
sin x

In interval[{}, ;],f’(x}zcotx}{].

.. fis strictly increasing in({}, g}
, n .

In mterval[g, n],f (x)=cotx<0.

.. fis strictly decreasing in (gn}

Answer needs Correction? Click Here

Q17: Prove that the function fgiven by fix) = log cos xis strictly decreasing on (0, %J and strictly

increasing on(g B }

Answer :

We have,

f(x)=logcosx
1

£'(x)= cosx(_sin x)=-tanx

In interval({}, gj tanx > 0= —tanx < 0.
S f(x)<0on [0. E)
2
.. fis strictly decreasing on(o, g]
In interval(g, n:], tany <0 = —tanx =0,

S f(x)=0o0n (g, Tt)
RN £ S
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Answer needs Correction? Click Here

Q18 Prove that the function given by f(x)=x"—3x"+3x—100is increasing in R.

Answer :
We have,
F(x)=x"=3x" +3x-100
S(x)=3x"—6x+3
=3(x" -2x+1)
=3(x-1)
For any xR, (x-1)* > 0.
Thus, f'(x)is always positive in R.
Hence, the given function (s increasing in R.

Answer needs Correction? Click Here

Q19: The interval in which y = x’¢* is increasing is

(A) (—=.) (B) (- 2,0)(C) (2.0) (D) (0, 2)

Answer ;
We have,

y=xe”*

a_ 2y —xTe ™ = xe™* (2 —x)

dx
@ _y,
X
= x=0andx=2

Now,

The points x =0 and x = 2 divide the real line into three disjoint intervals i.e.,
(o0, 0), (0, 2), and (2, =).

In intervals(—e=, 0)and(2, =), f'(x) <0 as ¢ "is always positive.
.. fis decreasing on(—=, 0)and (2, =).

In interval (0, 2), f'(x)>0.

.. fis strictly increasing on (0, 2).

Hence, fis strictly increasing in interval (0, 2).

The correct answer is D.

Answer needs Correction? Click Here

Exercise 6.3 : Solutions of Questions on Page Number: 211

Q1: Find the slope of the tangent to the curve y=3x" - 4xat x=4,

Answer ;



The given curve is y=3x" - 4x.
Then, the slope of the tangent to the given curve at x =4 is given by,

dy . :
EL =120 4]  =12(4)' -4=12(64)-4=T64

Answer needs Correction? Click Here

Q2" Find the slope of the tangent to the curve y = x—_; x+2atx=10.
x_

Answer :
. . x-1
The given curve isy = .
x-2
Ldy _(x=2)(0)-(x-1)(1)
dx (x-2)

_x=2-x+1_ -
(x-2)° (x-2)

Thus, the slope of the tangent at x= 10 is given by,

ﬂ} i = =
el (x-2)']  (10-2)" 64
Hence, the slope of the tangent at x=101s ;—;.

Answer needs Correction? Click Here

Q3: Find the slope of the tangent to curve y= )@ - x + 1 at the point whose x-coordinate is 2.

Answer :
The given curve isy=x" —x+1.

ﬂzl‘rf—l
dx

d!
The slope of the tangent to a curve at (xg, Jo) isjj .
(% Ya)

It is given that xp = 2.

Hence, the slope of the tangent at the point where the x-coordinate is 2 is given by,

dv 5 2
—| =3x-1 =32) -1=12-1=11
4] ] =50

Answer needs Correction? Click Here

Q4 : Find the slope of the tangent to the curve y= »° - 3x+ 2 at the point whose x-coordinate is 3.
Answer :

The given curve isy=x* -3x+2.

ﬂ =3x*-3
dx

d!
The slope of the tangent to a curve at (xg, Jo) isT{]



l:Q‘):Ji-"u-."u]'
Hence, the slope of the tangent at the point where the x-coordinate is 3 is given by,

ﬁi| =3x2—3] =3[3:|2—3=27—3=24
alk — =3

Answer needs Correction? Click Here

Q5: Find the slope of the normal to the curve x = acos?4, y= asin®g até = %

Answer :

It is given that x = acos®g and y = asin’e.
iy 3 . N 2

i 3acos” @(—sin@) =-3acos’ Fsind

P _3asin’ A(cosd)
da

ay
, d}'_[dﬂ]_ 3asin® #cosf  sinf

Cdx [ﬁ] " 3acos’ sind cosl
dd

—tanf?

Therefore, the slope of the tangent at ¢ =% is given by,

ﬁ} =—tand), - = —tan = =]
dx o=t ] 4
4

Hence, the slope of the normal até# =% is given by,

1 -1

n
slope of the tangent at # = 4

Answer needs Correction? Click Here

Q8" Find the slope of the normal to the curve x=1- asin 4, y= b cos?8 atﬂ:% .

Answer :

Itis given that x=1- asin 8 and y= b cos®6.

E =—acos# and d—J =2b cosﬂ[—sin 6') =-2hsinfcosd
de df

dy
@2 [dﬂ] _ ~2bsinfcosf =£sin6‘
de [ dx —acosd a
[dﬂ]

Therefore, the slope of the tangent at ¢ =g is given by,

d_y} :%sing} _2b. m_2
gl a T

ax a a 2

Hence, the slope of the normal até# =g is given by,

1 _ -1 _a
I T AT




hIU[JC LE) By R L=y Li'.lIIECIIl oL = 4 L p /I
!

Answer needs Correction? Click Here

Q7 : Find points at which the tangent to the curve y= x3 - 3x% - 9x+ 7 is parallel to the x-axis.

Answer :

The equation of the given curve is y = x* - 3x° —9x+7.

.'.ﬂzbr1 —hx-9
dx

Now, the tangent is parallel to the x-axis if the slope of the tangent is zero.
L3 =6 —9=0=x"-2x-3=0
=(x-3)(x+1)=0
=x=3orx=-1
When x=3, y=(3)0°-3(3)*-9(3)+7=27-27-27+7 =-20.
When x=-1,y=(-12-3(-102-9(-1)+7=-1-3+9+7=12.
Hence, the points at which the tangent is parallel to the x-axis are (3, - 20) and

(-1,12).

Answer needs Correction? Click Here

Q8 : Find a point on the curve y= (x- 2)? at which the tangent is parallel to the chord joining the
points (2, 0) and (4, 4).

Answer :

If a tangent is parallel to the chord joining the points (2, 0) and (4, 4), then the slope of the tangent =
the slope of the chord.

The slope of the chord isﬂzizz_
4-2 2

Now, the slope of the tangent to the given curve at a point (x, }) is given by,
aﬁ:

—=2(x-2

Jo=2x-2)

Since the slope of the tangent = slope of the chord, we have:
2(x-2)=2

= x-2=l=x=3

Whenx=3, y=(3-2) =1.

Hence, the required pointis (3, 1).

Answer needs Correction? Click Here

Q9 : Find the point on the curve y=x2 - 11x+ 5 at which the tangent is y= x- 11,

Answer :
The equation of the given curve is y= x> - 11x+5.
The equation of the tangent to the given curve is given as y= x- 11 (which is of the form y= mx + cl.

~.Slope of the tangent =1



Mow, the slope of the tangent to the given curve at the point (x, ) is given by, ;E—’z'j‘x" -11
v

Then, we have:

3" -11=1

=3x' =12

=y =4

= x=%2

Whenx=2,y={2]|3-11 (2)+5=8-22+5=-9,
Whenx=-2,y=(-2}l3-11 (-2)+5=-8+22+5=16,

Hence, the required points are (2,-9)and (- 2, 19).

But, both these points should satisfy the equation of the tangent as there would be point of
contact between tangent and the curve.

S (2,-9) is the required point as ( - 2, 19) is not satisfying the given equation of tangent.

Answer needs Correction? Click Here

Q10 Find the equation of all lines having slope - 1 that are tangents to the curve y= Ll x=l.
X—

Answer :

x=1.

L,

X—

The equation of the given curve is y =

The slope of the tangents to the given curve at any point (x, ) is given by,

@: -1
dr [x—l)

If the slope of the tangent is - 1, then we have:

(x-1)
=(x-1) =1
= x-1==I
=x=2,0

When x=0, y=-1andwhen x=2, y=1.

Thus, there are two tangents to the given curve having slope - 1. These are passing through the
points (0, - 1) and (2, 1).

~.The equation of the tangent through (0, - 1) is given by,

y—(-1)=-1(x-0)
= y+l=—x
= y+x+1=0

- The equation of the tangent through (2, 1) is given by,

y-1=-1(x-2)
= y-1=-xt2
= y+x-3=0

Hence, the equations of the required linesare y+x+1=0and y+ x-3=0.

Answer needs Correction? Click Here

x=3,

L

Q11 Find the equation of all lines having slope 2 which are tangents to the curve y = 3
X—=



Answer :

The equation of the given curve isy =

1 L x =3,
x—=3

The slope of the tangent to the given curve at any point (x, )/ is given by,

dv__ -l

de (x-3)

If the slope of the tangent is 2, then we have:

-1
2
This is not possible since the L.H.S. is positive while the R.H.S. is negative.

= {1‘—3]: =

Hence, there is no tangent to the given curve having slope 2.

Answer needs Correction? Click Here

Q12 Find the equations of all lines having slope 0 which are tangent to the curve y=

Answer :

The equation of the given curve is y = ——.
X —=2x+3

The slope of the tangent to the given curve at any point (x, }) is given by,

dy _ —(2x-2) _ -2(x-1)

dy (x" —2x+3}: (x3 —2x+3)

=

If the slope of the tangent is 0, then we have:
—2(x-1)

-0
{.a:z —2x+ 3}'

=-2(x-1)=0
=x=1
1

When x=1, y= =l_
1-2+3 2

~.The equation of the tangent through(l, %J is given by,

1
_1.=—E—(}(_t—1)
::;ymlzﬂ

2
:)}:l:i
2

Hence, the equation of the required line is y=%_

Answer needs Correction? Click Here

Q13

. 2 2
" Find points on the curve * ;Y _| at which the tangents are
9 16

¥ —2x+3



(i) parallel to x-axis (i) parallel to y-axis

Answer :

1 2
The equation of the given curveis® ¥ _y.
9 16

On differentiating both sides with respect to x, we have:
E.}_Q.ﬁ = l:'
9 16 dx
ﬁﬁ _—léx
dx 9y
-16x

(i) The tangent is parallel to the x-axis if the slope of the tangentisi.e, 0 :
¥

=0, which is possible

it x=0.

2 2
Then,*_+¥ 1 forx=0
9 16

=1y =16=y=14
Hence, the points at which the tangents are parallel to the x-axis are

(0, 4) and (0, - 4).

-1 "}y
= :D
(ii) The tangent is parallel to the y-axis if the slope of the normal is 0, which gives [ -16x| 16x =
9y
y=0.

2 2
Then, ™ 2 _ for y=0.
9 16

= x=13
Hence, the points at which the tangents are parallel to the y-axis are

(3,0)and (-3, 0).

Answer needs Correction? Click Here

Q14 : Find the equations of the tangent and normal to the given curves at the indicated points:
(i) y=x*-6x°+13x2-10x+5 at (0, 5)

(i) y=x*-6)2 +13x% - 10x+ 5 at (1, 3)

(iiiy y=>2at(1,1)

(iv) y= % at (0, 0)

(V) x=cos t, y=sin tat rzg

Answer :
(i) The equation of the curve is y= x*- 6x° + 13x% - 10x + 5.

On differentiating with respect to x, we get:

@=4x3—18x’+26x—10
dx

ﬁ ==10
dx Jn 5

Thus, the slope of the tangent at (0, 5) is - 10. The equation of the tangent is given as:
v-5=-10(x-0)



= y-5=-10x
= 10x+y=5
-1 I

The slope of the normal at (0, 5) is =—
Slope of the tangent at (0, 5) 10

Therefore, the equation of the normal at (0, 5) is given as:

1
—5=—(x=0
¥ m['c )

=10y-50=x
= x—10p+50=0

(i) The equation of the curve is y= x*- 6> + 13x% - 10x + 5.

On differentiating with respect to x, we get:

ﬁ:h—-‘ —18x% +26x—10
dx

Q} =4-18+26-10=2
dx |, 5

Thus, the slope of the tangent at (1, 3) is 2. The equation of the tangentis given as:
y=3= 2(1 —I]

=y-3=2x-2

= y=2x+]

-1 -1
The slope of the normal at (1, 3) is : =—.
Slope of the tangent at (1, 3) 2

Therefore, the equation of the normal at (1, 3) is given as:

|

—3=——(x-1

y S(x=1)

=2y—6=-x+1
=x+2y-7=0
(iii) The equation of the curve is y = »°.
On differentiating with respect to x, we get:
ﬁz?u:j

dx

dv a1yt
E “I”—3[l] =3

Thus, the slope of the tangent at (1, 1) is 3 and the equation of the tangent is given as:
y=1= 3{): - I]
= y=3x-2

) -1 -l
The slope of the normal at (1, 1) is Slope of the tangentat (L 1) 3

Therefore, the equation of the normal at (1, 1) is given as:

-1
—1=—(x-1
y=1=2Hx-1)

=3y-3=—x+1
= x+3y-4=0

(iv) The equation of the curve is y= x°.
On differentiating with respect to x, we get:

ﬁzbr
dx

#] o



erlfL a)

Thus, the slope of the tangent at (0, 0) is 0 and the equation of the tangent is given as:
y-0=0(x-0)

= y=0

: = =—l, which is not defined.
Slope of the tangent at (0, 0) 0

The slope of the normal at (0, 0) is
Therefore, the equation of the normal at (xg 1) = (0, 0) is given by
a=x,=0.

(v) The equation of the curve is x=cos ¢, y=sin &

x=cosf and y =sin¢

dx dy
s—=-sint, — =cost
di dt
i)
ﬂ= dt) _ co_sr =—cotf
de  [dc]  —sint
dt
ﬂ} =-—cott=-1
dy |, =
4

- The slope of the tangent ats =;

Answer needs Correction? Click Here

Q15 : Find the equation of the tangent line to the curve y= x% - 2x + 7 which is
(a) parallel to the line 2x- y+9=0
(b) perpendicular to the line 5y- 15x=13.

Answer :

The equation of the given curve is p=x* —2x+7.
On differentiating with respect to x, we get:

ﬁ=2:r-2
dx

(a) The equation of the lineis 2x- y+ 9 =0.
2x-y+9=0=y=2x+9

This is of the form y= mx+ .

~.Slope of the line =2

If a tangent is parallel to the line 2x- y+ 9 = 0, then the slope of the tangent is equal to the slope of
the line.

Therefore, we have:
2=2x-2

= 2x=4
=x=2

Now, x=2

=y=4-4+7=7

Thus, the equation of the tangent passing through (2, 7) is given by,
y=1=2(x-2)



= y—2x-3=0

Hence, the equation of the tangent line to the given curve (which is parallel to line 2x- y+9=0) is
y=—2x-3=0.

(b) The equation of the line is 5)- 15x=13.
Sy-15x=13 = y=3x+?

This is of the form y= mx+ .
~.Slope of the line =3

If a tangent is perpendicular to the line 5y - 15x = 13, then the slope of the tangent is
-1 -1

slope of the line 3

= Ix=-2=—
3
-1
= 2x=—xt2
3
::>2:r=E
3
5
=x==
6
]‘~Jv('n=v,.vr=E
6

25 10 25-60+252 217
=y= 7= T o]

T 36 36

Thus, the equation of the tangent passing through(%, %]is given by,

217 1(_ 5
Y=z ¥ %
36 30 6

L3627 Sl
3618

=36y—217=-2(6x-5)
=36y-217=-12x+10
=36y +12x-227=0

Hence, the equation of the tangent line to the given curve (which is perpendicular to line 5y- 15x=
13)is36y+12x-227=0.

Answer needs Correction? Click Here

Q16 : Show that the tangents to the curve y=7x° + 11 at the points where x=2 and x=-2 are
parallel.

Answer :
The equation of the given curve is y= 7% + 11,

@—2113

dx

dx
Therefore, the slope of the tangent at the point where x =2 is given by,

d!
The slope of the tangent to a curve at (xg, Jo) is—}} .
[E]

dy 2
S =21(2) =84
drl__ (2)

It is observed that the slopes of the tangents at the points where x= 2 and x=- 2 are equal.

Haomnra tha twn tanoante ara narvallal
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Answer needs Correction? Click Here

Q17 : Find the points on the curve y= 2 at which the slope of the tangent is equal to the
coordinate of the point.

Answer :

The equation of the given curve is y= x°.

O

dx
The slope of the tangent at the point (x, }) is given by,

ﬁ:| = 3x3
v (5.5)

When the slope of the tangent is equal to the y~coordinate of the point, then y=3x°.
Also, we have y = x°.

s3x =8

= x(x-3)=0

= x=0,x=3

When x =0, then y=0 and when x = 3, then y=3(3)* = 27.

Hence, the required points are (0, 0) and (3, 27).

Answer needs Correction? Click Here

Q18 : For the curve y= 453 - 2x°, find all the points at which the tangents passes through the origin.

Answer :

The equation of the given curve is y=4x% - 2x°.
dy

S =12x" 105"
dx

Therefore, the slope of the tangent at a point (x, )} is 12x¢% - 10x".
The equation of the tangent at (x, /) is given by,

Y-y =(12"-10x")(X - x) (1)

When the tangent passes through the origin (0, 0), then X=¥=10.
Therefore, equation (1) reduces to:

-y =(I2x: —lﬂ.r*}(—x]

y=12x" 1041

Also, we have y=4x’ - 24",

S12x7 —10x7 = 4x7 =20

= 8x" —8x" =0

=x -x'=0

=% [xj = l} =0

=x=0, 1

When x=0, y=4(0) -2(0) =0.

When x=1, y=4(12-2(17 = 2.



When x=-1,y=4(-13-2(-17=-2
Hence, the required points are (0, 0), (1, 2), and (- 1, - 2).

Answer needs Correction? Click Here

Q19 : Find the points on the curve x? + y? - 2x- 3 = 0 at which the tangents are parallel to the x-axis.

Answer :
The equation of the given curve is x* + )% - 2x-3 = 0.

On differentiating with respect to x, we have:

2x+2_vﬂ—2=0
v

dy
= y—=1-x
dv

Now, the tangents are parallel to the x-axis if the slope of the tangentis 0.
_“_1_—x=0:>l—x=l):*x=l
¥
But, ¥ +)7-2x-3=0for x=1.
= P=4=y=12
Hence, the points at which the tangents are parallel to the x-axis are (1, 2) and (1, - 2).

Answer needs Correction? Click Here

Q20 : Find the equation of the normal at the point (am?, amP) for the curve ay? = 2.

Answer :
The equation of the given curve is a)” = x°.
On differentiating with respect to x, we have:

dy

2ay—=3x"

P

L 3¢
de 2ay

d!
The slope of a tangent to the curve at (xg, Jo) isd_ﬂ .
(% Ya)

= The slope of the tangent to the given curve at (am?, am?) is

dy B 3{“’"2)_ 3a*m’ _3m

-1 -2

. Slope of normal at (ar”, anr) = slope of the tangent at (am’, am’) “m

Hence, the equation of the normal at (anm?, anr’) is given by,
_2 2
- am? =—=(x-am’
¥ 3 {x am ]

= 3my —3am’ = -2x+2am’

= 21+3my—am:l:2+3m:)= 0



Answer needs Correction? Click Here

Q21 : Find the equation of the normals to the curve y= x* + 2x+ 6 which are parallel to the line x+
14y+4=0.

Answer :
The equation of the given curve is y= x> + 2x + 6.
The slope of the tangent to the given curve at any point (x, }) is given by,

aﬁ:

o3yt 42
dx

.. Slope of the normal to the given curve at any point (x, ) =
-1
Slope of the tangent at the point (x, y)
-
3742

The equation of the given lineis x + 14y + 4 = 0.
xt1l4y+4=0= y:—ﬁx—%(which is of the form y=mx + ¢)

.Slope of the given line = ]_—;

If the normal is parallel to the line, then we must have the slope of the normal being equal to the
slope of the line.

—1 ___]_

3 +2 14
=3’ +2=14

=3 =12
=x'=4
= x=12

Whenx=2, y=8+4+6=18.
Whenx=-2, y=-8-4+6=-6.

Therefore, there are two normals to the given curve with slope]_—; and passing through the points
(2,18)and (-2, -6).
Thus, the equation of the normal through (2, 18) is given by,

0
—18="2(x-2

d 72

=14p-252=—x+2

= x+14y-254=0

And, the equation of the normal through ( - 2, - 6) is given by,

y-(-6)=[x-(-2)]

14
= p+6=—y(x+2
yH6=13(x+2)
=14y+B84=—-x-2
= x+ldy+86=0

Hence, the equations of the normals to the given curve (which are parallel to the given line) are
x+1dy—254=0and x+14y+86 =10,

Answer needs Correction? Click Here



Q22 : Find the equations of the tangent and normal to the parabola yZ = 4ax at the point (af2, 2af).

Answer :
The equation of the given parabola is )” = 4ax.

On differentiating y* = 4ax with respect to x, we have:

ay
2y—=—=4
ydx o

dr ¥

~The slope of the tangent at(ar*, 2ar)

o P I
5 dx {m_‘_ 2t 2at f.

Then, the equation of the tangent at{ar‘, zar] is given by,
y- 2af=l(x—ar2)
t
= ty—2at’ =x—at’
:>I}’=I+ﬂ."2
Now, the slope of the normal at(aﬁ, 2a.'} is given by,

1

=
Slope of the tangent at (u:z,zm]

Thus, the equation of the normal at (af?, 2af) is given as:
y=2at= -r[x—m‘z)
= y—2at =—ix+ar’

= y=—ix+2ai +af’

Answer needs Correction? Click Here

Q23 : Prove that the curves x = y? and xy = k cut at right angles if 842 = 1. [Hint: Two curves intersect
at right angle if the tangents to the curves at the point of intersection are perpendicular to each
other.]

Answer :

The equations of the given curves are given asy=y* and xy = k.

Putting x = * in xy = k, we get:
1

Y=k y=k?

.rzk;.
2 |
Thus, the point of intersection of the given curves is(fc-‘, k-*].

Differentiating x = y* with respect to x, we have:

dy dv 1
I=2yp—=—=—
T odv 2y
2 1 dy 1
Therefore, the slope of the tangent to the curve x = )? at[k-‘, k-‘]is e |fk; 0 T i
L 3 2k3

A

On differentiating xy = kwith respect to x, we have:



2 1

.. Slope of the tangent to the curve xy = kat(ﬁ:;, k-‘J is given by,

8] 2] Ko
dx {.e.el‘ X lﬁtl| ki k;

We know that two curves intersect at right angles if the tangents to the curves at the point of
2 |

intersection i.e., at(ﬁ:-‘, k-‘} are perpendicular to each other.

This implies that we should have the product of the tangents as - 1.

Thus, the given two curves cut at right angles if the product of the slopes of their respective

2 1
tangents at (k-‘, k-"]is - 1.

L

= 2% =1
::.[2::?] =(1)
=8k =1

Hence, the given two curves cut at right angels if 87 = 1.

Answer needs Correction? Click Here

. T2 .
Q24: Hind the equations of the tangent and normal to the hyperbola x_z_;_z —1at the point(x,. v,).
a

Answer ;

2 2
Differentiating*_ — ¥ _ jwith respect to x, we have:
a b
L d
a b odx
>d 2
bt dv ar
L dv_bx
de a’y

s bj
Therefore, the slope of the tangent at(x,. y,)is Q] = z—x” .
dlx (.ve) @ Yo
Then, the equation of the tangent at(x,, y,)is given by,
bx,

¥
oy

(x=x,)

= HE},},” - az."ﬁ = h::n-u - hz-‘ﬁ

Y=W=

= JiJI""xn - a‘z.‘livrl - h:"fi;: +"J:,1"|3 =0

A -'"ii .]"n3 - g L. ; - ik
:?_?_[F_F]_O [On dividing both sides by a°h ]
} . -2 )
‘uj* _-"3_1“_1= 1] (x,.2,) lies on the hyperbola '\—1—'1, =1
a b a- b



=— 5 =1
as b

Now, the slope of the normal at(x,. ¥, )is given by,

-1 _ _a!}’u

Slope of the tangent at (x,, v, ) N b'x,
Hence, the equation of the normal at(x,. v, )is given by,

_a t’n
y=Yo=—z(x-x)
bx,

::.‘ Mo _” (x—x)

a’ Ya b’ Xy

:;,)J_"n {T x]_ﬂ
a‘y, b'x,

Answer needs Correction? Click Here

Q25 : Find the equation of the tangent to the curve y =./3x -2 which is parallel to the line 4x- 2y +
5=0.

Answer :

The equation of the given curve is yp = y/3x-2.

The slope of the tangent to the given curve at any point (x, )/ is given by,

&d__ 3
de 2J3x-2

The equation of the given lineis 4x-2y+5=10.
4x-2y+5=0= y=2)(+% (which is of the form y = mx +¢)

~.Slope of the line =2

Now, the tangent to the given curve is parallel to the line 4x- 2y - 5 = 0 if the slope of the tangent is
equal to the slope of the line.

3 _»
243x-2
= 3:(—2=E
4
a 9
=M —L=—
<
::»?r.r=i+2=ﬂ
16 16
41
= x=—
48

Whenx =21 y= [ ] J——'J J4]_32= .
48 e 4

~.Equation of the tangent passing through the point (% %) is given by,

3 [ 41]
V——: Ix—_
4 48
- 4y-3 _2(43.1:—-“]
4 48
= dy-3= 48x6 41

= 24y-18=48x-41



= 48x-24y =23
Hence, the equation of the required tangent is48x—24y =23,

Answer needs Correction? Click Here

Q26 : The slope of the normal to the curve y= 2% + 3 sin xat x=0is

W3®) (©-30) -3

Answer :
The equation of the given curve is y = 2x* + 3sinx .
Slope of the tangent to the given curve at x = 0 is given by,

dv

= | =dx+3cosx|  =0+3cos0=3
dk - x=(}

Hence, the slope of the normal to the given curve at x=01s

-1 -1

Slope of the tangent at x = 0 BER

The correct answer is D.

Answer needs Correction? Click Here

Q27 : The line y= x+ 1 is a tangent to the curve ) = 4x at the point
@ (1.2)(B) (2, 1) (O (1,-2)(D) (-1, 2)

Answer ;

The equation of the given curve is y* =4x.

Differentiating with respect to x, we have:

2}-dv;=4:>ﬁ=3
T odx dy ¥

Therefore, the slope of the tangent to the given curve at any point (x, ) is given by,

dy 2

de v
The given line is y= x+ 1 (which is of the form y=mx+ ¢}
.. Slope of the line =1

The line y=x+ 1 is a tangent to the given curve if the slope of the line is equal to the slope of the
tangent. Also, the line must intersect the curve.

Thus, we must have:
2
v
= y=2

=1

Now,v=x+l=x=y-l=>x=2-1=1
Hence, the line y=x+ 1is a tangent to the given curve at the point (1, 2).

The correct answer is A.

Answer needs Correction? Click Here
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Q1: 1. Using differentials, find the approximate value of each of the following up to 3 places of
decimal

(i) V25.3 (i) fa9.5 (i) Jo.6
(iv) (0.009}% v) (0.999)ﬁ (vi) (ls)ﬁ

(vil) (26)s (vill) (255)¢ () (82)s

9 (401)2
Answer :
(i) V25.3
Consider y=./x. Let x= 25 and Ax=0.3.
Then,
Ay=+x+Ax —x =253-25=253-5
=253 = Ap+5
Now, dyis approximately equal to Ay and is given by,
dy = [d"]m_ I[m [asy=+x]
J_ (0.3)=0.03
Hence, the approximate value of J25 3is 0.03 + 5=5.03.
(i) V49.5
Consider y=.fx. Let x=49 and Ax=0.5.
Then,
Ay =vx+Ar —Jx =495 -J49 =495 -7
=495 =T+ Ay
Now, dyis approximately equal to Ay and is given by,
dy = [dj } “LJP[OS} [asy:ﬂ]
—{0. 5 =0.035
2J_ (03 {
Hence, the approximate value of f49.5is 7 + 0.035 = 7.035.
(i) Jo.6
Consider y=4/x. Let x=1and Ax=-0.4.
Then,
Ay =vx+Ax —1."'_ = J(R—l
=V0.6=1+ Ay
Now, dyis approximately equal to Ay and is given by,
dy = [dj ] \F[A.r [asy=~fJ_C]

=5{—n.4)= -0.2

Hence, the approximate value of fpgis 1 +(-0.2)=1-0.2=0.8.



(iv) (0.009}%

Consider ,_ . +. Let x=0.008 and Ax= 0.001.

Then,

Ay = (x+ Ax)S — ()5 =(0.009)F —(0.008): = (0.009): —0.2
|

=(0.009) =0.2+Ay

Now, dyis approximately equal to Ay and is given by,

1
dy = (ﬂr})m_ I[Ax] asy=x’
\(lr'f 3[.)."}%
—L (o001 @_nms
3><UU4 0.12

Hence, the approximate value of{glgggﬁis 0.2 +0.008 = 0.208.

(v) (n.s:-s:-s:-)ﬁ

Answer needs Correction? Click Here

Q2 : Find the approximate value of f(2.01), where f(x) = 4x* +5x+2

Answer :

Let x=2 and Ax=0.01. Then, we have:

f2.01) = fix+ Ax) = 4(x+ AX)P2 + 5(x + Ax) + 2

Now, Ay = filx+ Ax) - fix)

L AixtAX)=Rx) Ay

ACEEET £ (x)+ f'(x) Ax (as dx = Ax)

= f(201) = (457 +5x+2) + (8x+5) Ax
=[4(2) +5(2)+2]+[8(2)+5](0.01) [asx=2. Ax=0.01]
=(16+10+2)+(16+5)(0.01)
=28+(21)(0.01)

=28+021
=2821

Hence, the approximate value of £(2.01) is 28.21.

Answer needs Correction? Click Here

Q3 : Find the approximate value of f(5.001), where f(x) = x® - 752 + 15,

Answer :

Let x=5 and Ax=0.001. Then, we have:
F(5.001)= f{x+Ax)=(x+Ax) =7(x+Ax) +15
Nﬂw_ﬁy=_j"l:x+m']—f'{,\')
S+ Ax)= f(x)+ Ay

= fx)+ f(x)-Ax (as dx = Ax)
= f(5.001) = (' =7 +15)+(3x" —14x) Ax



=[ (s =7(5)" +15]+[3(5)" ~14(3) |(0.001) [x=35.A¢=0.001]
=(125-175+15)+(75-70)(0.001)
=-35+(5)(0.001)

=-35+0.005
=-34.995

Hence, the approximate value of £(5.001) is - 34.995.

Answer needs Correction? Click Here

Q4 : Find the approximate change in the volume Vof a cube of side x metres caused by increasing
side by 1%.

Answer :

The volume of a cube (V) of side xis given by V= .

;.arV:(‘”’ ]Ax

dx
= (311 ]ﬂr
=(3x7)(0.01x) [as 1% of x is 0.01x]
=0.03x"

Hence, the approximate change in the volume of the cube is 0.03x> m>.

Answer needs Correction? Click Here

Q5 : Find the approximate change in the surface area of a cube of side x metres caused by
decreasing the side by 1%

Answer :
The surface area of a cube (5) of side xis given by S= 6x7.
AN
dv\dx
=(12x)Ax
=(12x)(0.01x) [as 1% of x is 0.01x]
=0.12x"

Hence, the approximate change in the surface area of the cube is 0.12x% m=.

Answer needs Correction? Click Here

Q6 : If the radius of a sphere is measured as 7 m with an error of 0.02m, then find the approximate
error in calculating its volume,

Answer :

Let rbe the radius of the sphere and Arbe the error in measuring the radius.
Then,

r=7mandaAr=0.02m

Now, the volume Vof the sphere is given by,



o
sodb

),
dr
T

[
(4
4

r:};‘_\.r

(7)°(0.02) m* =3.92% m’

Hence, the approximate error in calculating the volume is 3.92 = m>,

Answer needs Correction? Click Here

Q7 : If the radius of a sphere is measured as 9 m with an error of 0.03 m, then find the
approximate error in calculating in surface area.

Answer :

Let rbe the radius of the sphere and Arbe the error in measuring the radius.
Then,

r=9mandaAr=0.03m

Now, the surface area of the sphere (5)is given by,

S=4qr?

;o—=8mr
dr

CodS = [ﬁ].ﬁr
dr

= (8nr) Ar
=8n[9)(0.03] m’
=2.16mm’

Hence, the approximate error in calculating the surface area is 2.16x m-2.

Answer needs Correction? Click Here

Q8: If f(x) = 3x2 + 15x+ 5, then the approximate value of £(3.02) is
A, 47,66 B, 57.66 C. 67.66 D, 77.66

Answer :
Let x=3 and Ax=0.02. Then, we have:
£(3.02) = f(x+Ax)=3(x+Ax)’ +15(x + Ax)+5
Now, Ay = f(x+Ax)- f(x)
= f(x+Ax) = f(x)+Ay
= f(x)+ " (x)Ax (As dx = Ax)
= f(3.02) = (3x* +15x+5) +(6x +15) Ax
=[3(3)*‘ +IS(3)+5}+[6(3}+15J(0.02] [Asx =3, Ax=0.02]
=(27+45+5)+(18+15)(0.02)
=77+(33)(0.02)

=77+0.66
=77.66

Hence, the approximate value of £3.02) is 77.66.

The correct answer is D.

Answer needs Correction? Click Here



Q9 : The approximate change in the volume of a cube of side x metres caused by increasing the
side by 3% is

A.0.06 m3B.0.6 ¥m3C.0.09 X m?D. 0.9 ¥ m3

Answer :

The volume of a cube (V) of side xis given by V= .

=2 ax

ax
=(3x*) Ax
=(3x?)(0.03x) [As 3% of x is 0.03x]
=0.09x" m’
Hence, the approximate change in the volume of the cube is 0.09x> m>.

The correct answer is C.

Answer needs Correction? Click Here

Exercise 6.5 : Solutions of Questions on Page Number : 231

Q1: Find the maximum and minimum values, if any, of the following functions given by
() fx)=(2x-1)*+3 (i) 1) = 9% + 12x+ 2
(i) ) =-(x- 12+ 10 (iv) gx) = +1

Answer :

(i) The given function is fx) = (2x- 1) + 3.

It can be observed that (2x - 1) = 0 for every x € R.
Therefore, fx) = (2x-1)? + 3 = 3 for every x € R.

The minimum value of fis attained when 2x-1=0.

2x-1=0= x=L
P

S Minimum value of f=f[%} =[2.é_ ] +3=3

Hence, function fdoes not have a maximum value.

(i) The given function is fx) = 9x* + 12x+ 2 = (3x+ 2)* - 2.
It can be observed that (3x + 2)* = 0 for every x € R.
Therefore, fx) = (3x+2)?-2 = - 2 for every x € R.

The minimum value of fis attained when 3x+ 2 =0.

3x+2=0= x=‘?2

S Minimum value of f= f[—%} =[3[_§']+2]_ -2=-2

Hence, function fdoes not have a maximum value.
(iii) The given function is fx) = - (x- 1)* + 10.
It can be observed that (x- 1) = 0 for every x € R.

Therafare A =-(x- 12 + 10 < 10 far everv ¥ = R
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The maximum value of fis attained when (x- 1) = 0.

(x-1)=0=x=1

~.Maximum value of f= {1)=-(1-1)*+10=10

Hence, function fdoes not have a minimum value.

(iv) The given function is g(x) = x° + 1.

Hence, function gneither has a maximum value nor a minimum value.,

Answer needs Correction? Click Here

Q2: Find the maximum and minimum values, if any, of the following functions given by
M0 = [x+2]-1(i)g=-|x+1]+3

(iii) A(x) = sin(2x) + 5 (iv) ) = |sin 4x+ 3|

M hx)=x+4,x=(-1,1)

Answer :

(i) Ax) = |x+2|-1

We know that |x+ 2| z0for every x € R.
Therefore, ix) = [x+2|-1=-1 for every x € R.

The minimum value of fis attained when|x+2| =0.

|x+2/=0
= 1=-2
~.Minimum value of f=f{-2) = =|-2+2|-1=-1

Hence, function fdoes not have a maximum value.
(ii) g(x) =—[x+1]+3

We know that —|x+ ]| =0forevery xR.

Therefore, gx) = —|x+ l| +3=3 forevery x=R.

The maximum value of gis attained when|x+ 1| =0.

[x+1]=0
=>x=-1
~Maximum value of g=g{-1)= —|-1+1/+3=3

Hence, function gdoes not have a minimum value.

(ifi) A(x)=sin2x+5

We know that- 1 = sin2x = 1.

=-1+5=sin2x+5=1+5

=4=s5in2x+5=6

Hence, the maximum and minimum values of h are 6 and 4 respectively.
(iv) fx) =|sin4x+3|

We know that-1 =sindx = 1.

=2=sindx+3=4

=2 £|sin4x+3| =4



Hence, the maximum and minimum values of fare 4 and 2 respectively.

WM AX)=x+1,xe(-1,1)
Here, if a point xgis closest to - 1, then we find %+1{xﬂ+l for all xp (-1, 1).

x +1

Also, if xyis closestto 1, then x +1< +1 forall x; (-1, 1).

Hence, function A(x) has neither maximum nor minimum value in (-1, 1).

Answer needs Correction? Click Here

Q3: Find the local maxima and local minima, if any, of the following functions. Find also the local
maximum and the local minimum values, as the case may be:

(i). ) =
(i) g(x) = 3@ - 3x

(iii). A(x) = sinx + cosx, 0 <x “%
(iv). ) =sinx-cos x, 0 < x<2n

W). x)=x3-6x2+9x+15
(vi). g(x]=§+%,.r:=-f}

1
X +2

(viii). f(x)= xl-x,x>0

(vii). g(x)=

Answer ;
(i) Ax) = »°
s (x)=2x

Now,
fSx)=0=x=0

Thus, x = 0is the only critical point which could possibly be the point of local maxima or local
minima of £

We have f*(0) =2, which is positive.

Therefore, by second derivative test, x=0is a point of local minima and local minimum value of fat
x=0is f0)=0.

(i) g(x) = x* - 3x
s g'(x)=3x"-3

Now,

By second derivative test, x=1 is a point of local minima and local minimum value of gat x=11s
g1)=13-3=1-3=-2. However,

X=-11Is a point of local maxima and local maximum value of gat
x=-1isg)=(-12-3(-1)=-1+3=2.
(i) A(x) = sinx + cosx, 0 < X<g

o U O



+a I l.(}:‘;U:lJ_ﬁlllrr
. . T T
h (x}=0:>smx=cosx:>tanx=|::r.\'=ze[ﬂ, E]

" () = —sin x — cos x = (sin x+cos )
(REAEEaS

. . T . . . .
Therefore, by second derivative test,x=1 is a point of local maxima and the local maximum value

. . 1 1
of hat x=2 is h[E]=5mE+cos£=—+—=\5.
Ty 4 s YRR

(V) ix)=sinx-cosx 0=<x<2Zn

Answer needs Correction? Click Here

Q4 : Prove that the following functions do not have maxima or minima:
(i) ) = €* (ii) &(x) = logx
(iii) A(X) = 3 + 2 + x+ 1

Answer !
i. We have,
flx) = e*
S (x)=¢€"
Now, if f*(x)=0, then ¢" =0. But, the exponential function can never assume 0 for any value of x.
Therefore, there does not exist c= R such that f*(¢) =0.
Hence, function fdoes not have maxima or minima.
ii. We have,

glx)=log x

, 1
s g'(x)= .~
Sincelog x is defined for a positive number x, g'(x)> 0 for any x.
Therefore, there does not exist ce R such thatg'(¢)=0.
Hence, function g does not have maxima or minima.

ii. We have,

hx)= 5+ 32 + x+ 1
SR (x) =357 +2x+1

Now,

=032 +2x+1=0= (o 2222 -1£V20 o
6 3

Therefore, there does not exist c= R such that#'(¢)=0.
Hence, function / does not have maxima or minima.

Answer needs Correction? Click Here

Q5 : Find the absolute maximum value and the absolute minimum value of the following functions
in the given intervals:



() f(x)=x"xe[-2.2] (i) f(x)=sinx+cosx,xe[0x]

-

o, 9
(i) f{x}=4x—5.r ,xe[—z,—}

(iv) f(x)=(x-1) +3,xe[-3,1]

Answer :
(i) The given function is x) = x>

f'[x:lzlrz
Now,
f(x)=0 = x=0

Then, we evaluate the value of fat critical point x = 0 and at end points of the interval [ - 2, 2].
f0)=0

f-2)=(-20=-8

f2)=(2P=8

Hence, we can conclude that the absolute maximum value of fon [ -2, 2] is 8 occurring at x = 2.
Also, the absolute minimum value of fon [ - 2, 2]is - 8 occurring at x=- 2.

(ii) The given function is fx) = sin x + cos x.

f'(x)=cosx—sinx

Now,

f(x)=0 = sinx:wsx::'tanle::'ng

Then, we evaluate the value of fat critical pointng and at the end points of the interval [0, n].

1: s a1 1 2
(ot
£(0)=sin0+cos0=0+1=1
f(x)

=sinn+cosn=0-1=-1

Hence, we can conclude that the absolute maximum value of fon [0, a] is/2 occurring ah:%and
the absolute minimum value of fon [0, n] is - 1 occurring at x = x.

(iii) The given function iSf{x):LIx-%f.

 f(x)= 4-%{2.:]:4-1-

Now,
f(x)=0 = x=4

0
Then, we evaluate the value of fat critical point x =4 and at the end points of the intewal[—z, ﬂ

If(4}=|6—%[l6)=16—3=3

£(-2)=-8-2(4)=-8-2=-10

9 9
f[_J=4{E]—l[—] —18-3_18-10.125=7.875
2 2) 212 8

<
Hence, we can conclude that the absolute maximum value of fon[—z, ﬂ is 8 occurring at x=4 and

0
the absolute minimum value of fon [—2, i} is- 10 occurring at x=- 2.



(iv) The given function is £ (x)=(x—1)" +3.

S (x)=2(x=1)

Now,

f(x)=0= 2(x-1)=0= x=1

Then, we evaluate the value of fat critical point x =1 and at the end points of the interval [ - 3, 11.
f(1)=(1-1)"+3=0+3=3

f(-3)=(-3-1) +3=16+3=19

Hence, we can conclude that the absolute maximum value of fon [-3, 1]1is 19 occurring at x=-3
and the minimum value of fon [- 3, 1]is 3 occurring at x = 1.

Answer needs Correction? Click Here

Q6 : Find the maximum profit that a company can make, if the profit function is given by

px)=41-72x-18x°

Answer :

The profit function is given as p(x) =41 - 72x- 18,

Also,

Answer needs Correction? Click Here

Q7 : Find both the maximum value and the minimum value of

3x*- 8x° + 12x% - 48x + 25 on the interval [0, 3]

Answer :
Let fix) = 3x*- 8x7 + 12x7 - 48x + 25.
A f(x) =120 - 2457 +24x- 48
=12(x* - 22" + 2x - 4}
=12[ %’ (x-2)+2(x-2)]

=12(x-2)(# +2)
Now, f*(x)=0gives x=2 or x2+ 2 = 0 for which there are no real roots.

Therefore, we consider only x=2 [0, 3].
Now, we evaluate the value of rFat critical point x= 2 and at the end points of the interval [0, 3].
£(2)=3(16)-8(8)+12(4)-48(2)+25
=48—64+48-96+25
=-39
F(0)=3(0)-8(0)+12(0)-48(0)+25
=25
£(3)=3(81)-8(27)+12(9)-48(3)+25
=243-216+108-144+25=16

Hence, we can conclude that the absolute maximum value of fon [0, 3]is 25 occurring at x=0 and
the absolute minimum value of fat [0, 3] is - 3% occurring at x = 2.



Answer needs Correction? Click Here

Q8 : Atwhat points in the interval [0, 2x], does the function sin 2x attain its maximum value?

Answer !

Let fix) = sin 2x.

S f(x)=2cos2x

Now,

F(x)=0 = cos2x=0

T 3Ir 5n Tn

22 2 2
m 3n 5t Tn
=SX=— Ty T
4 4 4 4
Then, we evaluate the values of fat critical points:.-:% %ﬁ, ST:[ ?T:[ and at the end points of the

interval [0, 2=x].

ks L 3n . 3w
I[I]_ sin— —l,f[T] R -1

hf Sn T in
f[T]—sm? l,_f[4]—SInT =i

f(0)=sin0=0, f(2x)=sin2x=0

Hence, we can conclude that the absolute maximum value of fon [0, 2a] is occurring atx=Zand

_sn
2

Answer needs Correction? Click Here

Q9 : What is the maximum value of the function sin x + cos »?

Answer ;
Let fix) =sin x+ Cos x.

5 f'(x)=cosx —sinx
Sm

f(x)=0 = qlnr—cusx:’tanx—1=>x—; 7

j"’[x) =—sinx—cosx= —[sin x +c05x]

Now, f"(x)will be negative when (sin x + cos x) is positive i.e., when sin x and cos x are both
positive. Also, we know that sin x and cos x both are positive in the first quadrant. Then, f"(x)will

be negative whenxe [U, %J .

T
Thus, we considerx = iy

f”[%] [mn +mg [ ]—-.E-z(]

..By second derivative test, fwill be the maximum atx = E and the maximum value of fis

f[%}—smn+cc-5£ T J_ T =42.

Answer needs Correction? Click Here



Q10 : Find the maximum value of 2)2 - 24x+ 107 in the interval [1, 3]. Find the maximum value of
the same function in [-3, -1].

Answer :

Let fx) = 27 - 24x+ 107.

o f(x)=6x" - 24=6(x" - 4)

Now,

f1(x)=0 =6(x’-4)=0= " =4=x=12
We first consider the interval [1, 3].

Then, we evaluate the value of fat the critical point x=2 £ [1, 3] and at the end points of the
interval [1, 3.

2)=2(8)-24(2) + 107 =16-48 + 107 =75

f1)=2(1)-24(1)+107=2-24+107 =85

f13)=2(27)- 24(3) + 107 =54 -72 + 107 =89

Hence, the absolute maximum value of fx) in the interval [1, 31 is 89 occurring at x = 3.
Next, we consider the interval [ -3, - 11.

Evaluate the value of fat the critical point x=-2 [ -3, - 11 and at the end points of the interval [1,
31

f-3)=2(-27)-24(-3)+107=-54+72+107 =125
A-1=2(-1)-24(-1)+107=-2+24+107 =129
-2)=2(-8)-24(-2)+107=-16+48+107=139

Hence, the absolute maximum value of fx) in the interval [- 3, - 1115 139 occurring at x=- 2.

Answer needs Correction? Click Here

Q11: Itis given that at x= 1, the function x*- 622 + ax + 9 attains its maximum value, on the
interval [0, 2]. Find the value of a.

Answer :

Let fix) = x*- 62x% + ax + 9.

S f(x)=4x’-124x+a

It is given that function Fattains its maximum value on the interval [0, 2] at x=1.

.'._f'(l):[)
=4-124+a=0
=a=120

Hence, the value of ais 120.

Answer needs Correction? Click Here

Q12 : Find the maximum and minimum values of x + sin 2xon [0, 2x].

Answer :
Let fix) = x+ sin 2x.

LM xi=14 2008 2x



Now,f’[x]:[):>cos2x=—l=—cosE=cos TI:—E =c-:>52—1T
2 3 3 3
2m
dr=2unt—, 6 nel

s
=>x=m1:i§, nelf

:x:E,z—n,dl—n —T[e[U 2n]
N

Then, we evaluate the value of fat critical points r—g 2—;[4—; S?E and at the end points of the
interval [0, 2x].
f[E]=E+sin2—“=£+£

i) 3 3 3 2
f-[EJ__x 4n_2 3
L3 33 2
f[ﬂjj_n s _dn 3

3 3 3 3 2
.[Sn:] st . 10n 5t 3
S5 |=5rsin—=

3 3 3 3 2
£(0)=0+sin0=0
f(2n)=2n+sindn =2n +0=2xn

Hence, we can conclude that the absolute maximum value of fx) in the interval [0, 2a] is 2=
occurring at x = 2z and the absolute minimum value of fx) in the interval [0, 2x] is 0 occurring at x =
0.

Answer needs Correction? Click Here

Q13 : Find two numbers whose sum is 24 and whose product is as large as possible.

Answer :
Let one number be x. Then, the other number is (24 - x).
Let Ax) denote the product of the two numbers. Thus, we have:

Pl:x] = x(24—x} =24x-x°

S P'(x)=24-2x
P(x)=-2

Now,

P'(x)=0 = x=12
Also,
P'(12)=-2<0

..By second derivative test, x= 12 is the point of local maxima of P. Hence, the product of the
numbers is the maximum when the numbers are 12 and 24 - 12 =12

Answer needs Correction? Click Here

Q14 : Find two positive numbers x and ysuch that x + y= 60 and x)? is maximum.

Answer :

The two numbers are xand y such that x + y = 60.
= y=60-x

Let ix) = X7



f(x)=x(60-x)

(x)={6o—x] ~3x(60-x)°
=(60-x)"[60-x~3x]
=(60-x)’ (60~ 4x)

And, £"(x) = ~2(60 - x)(60 - 4x) - 4(60 - x)°
=-2(60-x)[ 60— 4x+2(60-x)]
=-2(60-x)(180 - 6x)
=-12(60-x)(30-x)

Now, f'(x)=0 = x=60orx=15

When x =60, f"(x)=

When x =15, f"(x) = —12(60-15)(30-15) = ~12x 45 x15 < 0.

By second derivative test, x= 15 is a point of local maxima of £ Thus, function x)? is maximum
when x=15and y=60-15=45.

Hence, the required numbers are 15 and 45.

Answer needs Correction? Click Here

Q15 : Find two positive numbers x and ysuch that their sum is 35 and the product x*° is a
maximum

Answer :

Let one number be x. Then, the other number is y=(35 - x).

Let Ax) = x2)°. Then, we have:

P(x) =2 (35-x) And, P*(x)=7(35-x)" (10-x)+ 7x[ =(35—x)' ~4(35—)' (10-x)
L P'(x)=2x (35 x) -5%° (35-x)’ = ©) (10-x) - 7x(35-x)" - 28x(35-x) (10— x)
=x(35-x)"[2(35-x)-5x] 35— \:l [(35-x)(10-x)-x(35-x) - 4x(10-x) ]|

7(35
7
= x(35-x)"(70-7x) 7(35-x) [350—45x+x* —35x+x" —40x +4x’ |
=?x(35 x] [ID .1) 7(

Now,P'(x)=0 =x=0,x=35 x=10

35-x) (62" ~120x+350)

When x = 35, f'(x)= f(x)=0 and y = 35 - 35 = 0. This will make the product x* }° equal to 0.
When x =0, y=35-0 =35 and the product x°y* will be 0.
- x=0and x=35 cannot be the possible values of x.
When x =10, we have:
P"(x)=7(35-10)" (6100 ~120x10+ 350)
=7(25)' (-250) <0
. By second derivative test, Ax) will be the maximum when x=10and y=35-10=25.
Hence, the required numbers are 10 and 25.

Answer needs Correction? Click Here

Q16 : Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.

Answer :

| at Ana nnimbiar ho v Than tha nthar nombar ic (16 2
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Let the sum of the cubes of these numbers be denoted by S(x). Then,
S(x)=x"+(16-x)’

S 8(x) =32 =3(16-x)", 8"(x) =6x+6(16-x)

Now, §'(x)=0 = 3x*-3(16-x) =0

=¥ —(16-x) =0

= x =256-x"+32x=0

:>x=ﬁ=8

Now, 5"(8)=6(8)+6(16-8)=48+48=96>0
.. By second derivative test, x = 8 is the point of local minima of 5.

Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8 and 16-8 =
8.

Answer needs Correction? Click Here

Q17 : Asquare piece of tin of side 18 cm is to made into a box without top, by cutting a square
from each corner and folding up the flaps to form the box. What should be the side of the square
to be cut off so that the volume of the box is the maximum possible?

Answer :

Let the side of the square to be cut off be x cm. Then, the length and the breadth of the box will be
(18 - 2%) cm each and the height of the box is x cm.

Therefore, the volume Wx) of the box is given by,
UX) = x(18 - 2x)°
~V'(x)=(18-2x)" - 4x(18-2x)
=(18- 21’}[18— 2x —4_1:]
=(18-2x)(18-6x)
S 6>c2{9—_r]{3—x)
= 12(9—1]{3—1)
And, F"(x)=12[~(9-x)-(3-x)]
=—12(9-x+3-x)
=-12(12-2x)
=-24(6-x)
Now,V'(x)=0 =x=90rx=3
If x=9, then the length and the breadth will become 0.
LXx=E9
= x=3.
Now, ¥"(3)=-24(6-3)=-72<0
. By second derivative test, x = 3 is the point of maxima of V.

Hence, if we remove a square of side 3 cm from each corner of the square tin and make a box from
the remaining sheet, then the volume of the box obtained is the largest possible.

Answer needs Correction? Click Here
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square from each corner and folding up the flaps. What should be the side of the square to be cut
off so that the volume of the box is the maximum possible?

Answer :

Let the side of the square to be cut off be x cm. Then, the height of the box is x, the length is 45 - 2x,
and the breadth is 24 - 2x.

Therefore, the volume Wx) of the box is given by,
V(x)=x(45-2x)(24-2x)
= x(1080-90x - 48x +4x”
=4x* —138x" +1080x
SV (x)=12x" =276x+1080
=12(x" -23x+90)
=12(x-18)(x-35)
V"(x)=24x-276=12(2x-23)
Now,V'(x)=0 =x=18and x=5

It is not possible to cut off a square of side 18 cm from each corner of the rectangular sheet. Thus, x
cannot be equal to 18.

SX=5
Now,V"(5)=12(10-23)=12(-13)=-156 <0
-. By second derivative test, x =5 is the point of maxima.

Hence, the side of the square to be cut off to make the volume of the box maximum possible is 5
cm.

Answer needs Correction? Click Here

Q19: Show that of all the rectangles inscribed in a given fixed circle, the square has the maximum
area.

Answer :
Let a rectangle of length /and breadth b be inscribed in the given circle of radius a.

Then, the diagonal passes through the centre and is of length 2a cm.

Now, by applying the Pythagoras theorem, we have:

(2a) =1 +¥°
= b =da’ -1

= h=Adg' - I"

~Area of the rectangle, 4=7J44" -1

2
% =Vda -1 +/ =20)=~da" -I" - !

1
4a' =1 { Vda' -1
Cda’ =2



Jaa -1

C Nad -rp (—41)— (4" —sz)i
d’a _ 24a
dr’ (4a” -1)

B (4a" -1 )(—40)+1(4a’ - 21*)

(4a” -1 }'

_-12ai+2¢ _2(6a” 1)
{4a3 -Fﬁ (4a° -F}

3
)

Now.% =0 gives 40 =2I° = 1=2a

= b=+da' -2a" =~2a" =2a
Now, when [ = V'Ea.
a2 A —E(ﬂu)(ﬁa: —2{12} —&\24°
dr 224 2J24°

. By the second derivative test, whenj = /24, then the area of the rectangle is the maximum.

Sincej=p = /24, the rectangle is a square.

Hence, it has been proved that of all the rectangles inscribed in the given fixed circle, the square
has the maximum area.

Answer needs Correction? Click Here

Q20 : Show that the right circular cylinder of given surface and maximum volume is such that is
heights is equal to the diameter of the base.

Answer :
Let rand h be the radius and height of the cylinder respectively.
Then, the surface area (5) of the cylinder is given by,

§=2nr" +2mrh

Let Vbe the volume of the cylinder. Then,

V=nr'h=m’ i[l r|= Lo
2alr 2

V , dV
Then. d—=£—3m“, d—: = —bmr

When r* = i then L0 = _6n & <0,
6m . 6m

.. By second derivative test, the volume is the maximum when #* =6i .
n

Now, when r* = i then h=£ oy =3r—r=2r
on 2n \»r
Hence, the volume is the maximum when the height is twice the radius i.e., when the height is

equal to the diameter.



Answer needs Correction? Click Here

Q21: Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic centimetres,
find the dimensions of the can which has the minimum surface area?

Answer :
Let rand h be the radius and height of the cylinder respectively.
Then, volume (V) of the cylinder is given by,

V=mr'h=100 (given)
0

]

o’

soh
Surface area (5) of the cylinder is given by,

5
§ =2 +2nrh = 2nr +£
.

4 o
.'.£=4m‘—2[10. d—?=41t+4—0_‘0
dr r [ r
ﬁ=E} = 4rtr=2l::0
ar r
L 200 50
Fr=—=—

4 T

1
()
=r=|—
FL8
50

1
Now, it is observed that when r = [—] .
T

d’s
—>

> -0,
dr”

..By second derivative test, the surface area is the minimum when the radius of the cylinder is

1
— cm -
T

1 1
3 3
When r:[@] Lh= 2D 5= 2;{50 5= 2(@] i,
T (50]5 (503 |j1'|:'|1_§ T
‘]'[ —_—
bl

Hence, the required dimensions of the can which has the minimum surface area is given by radius

1 |
= [EJ" cm and height = g(ﬂjj ol
T i

Answer needs Correction? Click Here

Q22 : Awire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a
square and the other into a circle. What should be the length of the two pieces so that the
combined area of the square and the circle is minimum?

Answer :
Let a piece of length /be cut from the given wire to make a square.

Then, the other piece of wire to be made into a circle is of length (28 - ) m.

Now, side of square =£.
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The combined areas of the square and the circle (4} is given by,

A=side of the square g

2 2
= £—+TI:|:LI: 28—31}
16

21
2
S L ogopp?
16 4n
_-_E=E+i[28—j'||j—1'|=£—i|'28—£'|
4l 16 4n 8 In
d*4 1,1
ol 8 2Zn
How, ﬁ=IZJ = i—L[ZS—.&W:IZJ
dl 8 In
=i 2811
= — =10
8
=in+4i/-112=0
m+4
Thus,whemzﬁad__‘?‘;,g,
n+4 dl’
. By second derivative test, the area (A4) is the minimum \.r\.fhem'sz4 .
m+

Hence, the combined area is the minimum when the length of the wire in making the square is i

T+

cm while the length of the wire in making the circle is 28—£ = 28lcm
n+4 n+4

Answer needs Correction? Click Here

Q23" prove that the volume of the largest cone that can be inscribed in a sphere of radius Ris ;—?

of the volume of the sphere.

Answer :

Let rand h be the radius and height of the cone respectively inscribed in a sphere of radius A.

Let IVbe the volume of the cone.
Then, ¥ = %m‘zh

Height of the cone is given by,

h=R+AB=R+\R —1* [ABC is a right triangle]
S = %m‘: (R+ JH)

= %m':h’+%m‘:m
LA P o ey (_EJ)

I/ 1 3 3 Ao



- - - - Wi —r

. 9 -
=§m'R+§ﬂ:m'R3 -r —%J‘E,i

R -r
2 ark + EHF{R: _"": )_ '
3 WR -
Lo PR
3 3 RI _],1
IR0 (QHR: —‘}Er:)— (E;rrrR: _3]“__1)_ (-2r)
IV IR, P
dj“: - 3 Q(Rl_r:)
R = )(20R* =9 }4 20 R + 3
=§r|:R+ { ! )(“ m ]Jr1 e R+ 3m
2?(&'1 _;-: )3
L 2 3art - 2nrR?
Mow =0 = a rk=
R B o
R o n F I a2k

= 4R (R -r*) = (37 -2R*)
S AR 4R =9 +4R' -127°R°

=0pf =8R*
== §R1
9

3

When r’ =§R2, then d {f <.
9 dr-

.. By second derivative test, the volume of the cone is the maximum when »* = g R

When r* =S @2, h=R+JR-’—§R3 =R+J1R-’ _r+Rdp
9 9 9 33

Therefore,

L{Sr)()

3 \9 3

— i[i mrg-‘]
2703

3
= .}—?x{Volume of the sphere)

FA

Hence, the volume of the largest cone that can be inscribed in the sphere is %

the volume of the sphere.

Answer needs Correction? Click Here

Q24 : Show that the right circular cone of least curved surface and given volume has an altitude
equal to /2 time the radius of the base.

Answer :
Let rand h be the radius and the height (altitude) of the cone respectively.

Then, the volume (V) of the cone is given as:

Answer needs Correction? Click Here

025 : Show that the semi-vertical anele of the cone of the maximum volume and of given slant
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heightis tan' 2 .

Answer :

Let @ be the semi-vertical angle of the cone.

It is clear that 6‘&[0, ﬂ

Let r, h, and /be the radius, height, and the slant height of the cone respectively.

The slant height of the cone is given as constant.

Now, r=/sinfand h=/cos @
The volume (V) of the cone is given by,

V=t
3

= 1E;r:(.-‘2 sin® 6’)(!(:-:15 6‘)

= ]—:rrf’ sin” @cos
3

% = %[sinz #(-sin)+cosf(2sinfcos 6‘]]

TR .
=—/| —sin'+ 2sinficos "0
al ]
dV =I"n
do’

—3sin’ fcosf +2cos’ @ —4sin’ Hcosﬁ]

= FTI[E cos’ @—Tsin’ @ cos (3]

dr

MNow, =0
]

= sin* @ =2sinfcos’ @

=tan’f=2

= tanf = \,E

=fd=tan"'\2

Now, when & =tan™' 2. thentan® #=2 or sin® 8 =2cos" 8.
Then. we have:

ﬂ

—= JP—T[[ZL'GS'1 A -14cos’ -9] = —dx/ cos 0 <0 for B e [(L E}
oo 3 2

..By second derivative test, the volume (V) is the maximum when g = tan"' /2 -

Hence, for a given slant height, the semi-vertical angle of the cone of the maximum volume is

tan~' V2 -

Answer needs Correction? Click Here

Q26 : Show that semi-vertical angle of right circular cone of given surface area and maximum volume is

S (l] .
3

Answer :



Let r be the radius. [ be the slant height and / be the height of the cone of given surface area. 5.

Also. let a be the semi-vertical angle of the cone.

C

73

Then § = A4 —i + A3 —~*

S—m?

== D

Tr

Let I7be the volume of the cone.
Then¥ = %m%
=7z % it

=én—}4(ﬂ—#) [AsP?=r+h?]

g (BT
o7 |\ = )

4 2y o4
BB ]
b

9
1 2 2 e 3
=} (§? =250
9
:,»w:%srl(.s*—zm]) _____ @

Differentiating (2) with respect to r. we get

' 13{2& -8z
dr 9
For maximum or minimum. put — =0

dr
= %S(lSr —8xry=0
=25r—8m° =0 (AsS5=0)
=8 =4m? (Asr=0)
=yl = i
4z
Differentiating agamn with respect to 1. we get

LN G

] i R =—S§(25 241’
at T\ dr 9( )
2 ¢ ) \
:>2F£=1S' 15’—24;r><£\ (As.ﬂ:t}andr: A
@ 9 | ar) U ar 4r )
=1S(23—6S}
9 /
=ty
9

. N . T oA a
Thus. I71s maximum when S=4Aa —-~

Answer needs Correction? Click Here

Q27 : The point on the curve x* = 2ywhich is nearest to the point (0, 5) is

A {2\5,4} (B) (245.0]



(©(0.0)(D) (2, 2)

Answer :

The given curve is x° = 2y.
For each value of x, the position of the paoint will be[x, x?]

LetP and A(D, 5) are the given points.
Now distance between the points P and A is given by,

Answer needs Correction? Click Here

Q28: For all real values of x, the minimum value of ﬂ is
I+x+x°
(A)O(B)1
I
(Q3(D)
3
Answer :
l—x+x°
Let = .
f(x) 1+x+x°
) (1+x+x7) (=14 2x) = (1-x+x7)(1+2x)
~S(x)= .
(I+x+x“]
_—|+2.¥—I+2_¥3—_Y2+23(3—]—2_‘E'+J(+2I:—1':—2)(3
(I+x+xl]:
251 -2 2(x*-1)

2

(I+x+xl}: {I+Jr+:r:}
S f(x)=0 = X =1 x=+1
2[{|+x+x1 ) (2x)-(#* —l)(z}[l+x+_1-"}{|+2xﬂ
(I+:r+.x:2}4

4(] +x +:r!)[(| +x +).'!)_T— [,'c: = I][l + 2.7.']}

4
(I+:r+xl]

B 4[_r+ et =2 41+ 2_1']

Now. /"(x)=

[l+.‘r+x");
4(1+3x-x")
{l+x+xlr
(1+3-1) 43
And._{'“[|]=(+—)= (3)=i}0
(1+1+1)  (3) 9
4{1-3+1
f’t|50-f"(—|}=(7+=)=4(—I}=—4<U
(1=1+1)
..By second derivative test, fis the minimum at x= 1 and the minimum value is given by
f[I]_I—HI_l
' I+1+1 3

The correct answer is D.



Answer needs Correction? Click Here

Q29 ; ' i
The maximum value of [I(x_]}.,.g]] 0<x<lis

) G] ®)

(©1(D)0

Answer :
LEtf(x}=[x[x—])+l}'l‘.

ff(_t]ng
3[x(x-1)+1]"

Now, /'(x)=0 = x=%
Then, we evaluate the value of fat critical pointxzéand at the end points of the interval [0, 1] {i.e.,
atx=0and x=1}
1
fF0)=[o(0-1)+1] =1
I
F=[1(1-1)+1] =1
! |
1 1{-1 P (3}
==l =|+1] =[=
f[zJ [2(2}} (4]

Hence, we can conclude that the maximum value of fin the interval [0, 1]is 1.

The correct answer is C.

Answer needs Correction? Click Here

Exercise Miscellaneous : Solutions of Questions on Page Number : 242

Q1 : Using differentials, find the approximate value of each of the following.
1
1
(a) (g] (b) (33) 5

Answer :

1
(a) Consider y = x*. Let 1—:15_6 ;md,g.ngl_
| 1

1 1

Then, Ay = l:x+ .-i‘q}i —xt

()i



Now, dyIs approximately equal to Ay and Is given by,

1
@:[ﬁ]ﬁx: l_.‘{Ax] [asy:x'_‘]
LAy
| E[LJzﬂxLz L _ 1 _po10
16 81) 4=x8 81 32x3 96
{s)
81

1
Hence, the approximate value UF(ET is z+0*0]0 =0.667 +0.010
81 3

= 0.677.
(b) Consider , _ 5. Let x=32 and Ax=1.
1

-

Then, Ay = (x+ Av) —x © = (33) 7 ~(32)" = (33)73 -

1
(35 =gty

Now, dyis approximately equal to Ay and is given by,

—5('2)0( ) —?'D - -0.003

1

Hence, the approximate value of (33) 5 is %+ (-0.003)

=0.5-0.003 =0.497.

Answer needs Correction? Click Here

Q2 Show that the function given by f(x)= o has maximum at x= e.
X

Answer ;

The given function is f(x) = Ioﬁ.

)
X —logx
f(x)= . - 1oges

o5

X X

Now, f'(x)=0

=1-logx=0
=logx=1

= logx=loge
=x=e

Now, " (x)= v [_ﬂ_(l —logx)(2x)

x-‘l

_ =x=2x(1-logx)
1x-l
_—3+2logx
x.!
—3+2;Inge _ —3:2 =—_}1{0
e e e
Therefore, by second derivative test. f is the maximum at x =e.

Now, f*(e)=



Answer needs Correction? Click Here

Q3 : The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate of 3
cm per second. How fast is the area decreasing when the two equal sides are equal to the base?

Answer :
Let AABC be isosceles where BC is the base of fixed length b.
Let the length of the two equal sides of AABC be a.

Draw ADLBC.
A
) o
B % D % C

. Area of triangle (1) = %b Lf _%

The rate of change of the area with respect to time (f) is given by,
dd 1 2a da ab da
dr 2 . bt odt \Jagt—pt dt

2.0a - a

It is given that the two equal sides of the triangle are decreasing at the rate of 3 cm per second.

.'.Ez-& cm/'s
dr
Ldd  3ab

Cdt T i b
Then, when a= b, we have:

N i

d -

Hence, if the two equal sides are equal to the base, then the area of the triangle is decreasing at the
rate of 3 b em®/s.

Answer needs Correction? Click Here

Q4 : Find the equation of the normal to curve y? = 4x at the point (1, 2).

Answer :
The equation of the given curve is y* =4x.

Differentiating with respect to x, we have:

Zvﬂzd

T ody

& _4_2
dv 2y v

v 1 2



?—&JU‘E' = ; =1

Now, the slope of the normal at point (1, 2) is Q] o
dx
(1,2)

~.Equation of the normal at (1, 2)is y- 2 = - 1(x- 1).
= y-2=-x11
= xty-3=0

Answer needs Correction? Click Here

Q5 : Show that the normal at any point & to the curve

x=acos +allsind, y =asin@—aflcos @ is at a constant distance from the origin.

Answer :

We have x=acos 8+ aésiné.

.'.%:—asinﬁ+asin9+a€cos€: at? cos i

y=asind—-afcosl
.'.%=acosB—acosﬂ+a95in€=aﬁsin9
dy_dy d6_absing _

So—= an &
de  di dv afcosd

.. Slope of the normal at any point & is —Lg.
an

The equation of the normal at a given point (x, ) is given by,

y—asing+afdcost =

ta_lf? (x—acosd—atlsing)
n

= ysind —asin® 8+ af sinf cosd = —xvcost + acos’ &+ aff sinf cosd

:>Icus$+ysin6'—a(sin: &+ cos’ 9] =0

= xcost+ ysinf—a=10

Now, the perpendicular distance of the normal from the origin is
o I

Noos? B+sin’@ - \E

Hence, the perpendicular distance of the normal from the origin is constant.

= |—a|,which 15 independent of 8.

Answer needs Correction? Click Here

Q6 : Find the intervals in which the function fgiven by

f(x}— 4sinxy - 2x—xcosx
2+cosx

is (i) increasing (ii) decreasing

Answer :
dsinx—=2x—xcosx
Xi=
/() 2+cosx
(%) (2+cosx)(4cosx—2—cosx+xsinx)—(4sinx—2x—xcosx)(—sinx)
)=

(2 +cos.‘r}:
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(2 +cosx)’

_6eosx—4+2xsiny+3cos’ x—2cosx +xsinxcosx+4sin’ x—2xsinx—xsin xcosx
- 2
(2+cosx)

_4cosx—4+3cos’ x+4sin’ x

(24cosx)
_4cosx—4+3cos’ x+4—4dcos’ x
(2 +c05_\'}"

_dcosx—cos’x _ cosx(4-cosx)

(2+cosx)’ (2+cosx)’

=cosx=0o0rcos x=4
But, cos x= 4
Scosx=0

in

T
= x=—=,—
2 2

Now, x =g andx:% divides (0, Zx) into three disjoint intervals i.e.,
(G,EJ,(E,S—H), and (3—1:.,2Jt).
2/\2 2 2
In intervals(t},%] and [3?“2 ] f'(x)>0.
o ; x 3w
Thus, fix) is increasing for0 < x < Eand? <x<2m

In the interval(%,%“],f’{x]{ 0.
Thus, fix) is decreasing for% <x< 3??[ .

Answer needs Correction? Click Here

Q7" Find the intervals in which the function fgiven by f(x)=x"+ l}.x =0is
X

(i) increasing (i) decreasing

Answer ;
=x +—
S (=24
, 3 3x*-3
L x)=3x ==
fx)=3x"-==—3

Then, f'(x)=0=3x"-3=0=x"=1=>x=%]

Now, the points x=1 and x=- 1 divide the real line into three disjoint intervals i.e.,
(—e0,—1),(-1,1), and (1,%0).

In intervals(-s=,—1) and (1,») i.e., when x<-1and x> 1, f'(x)>0.
Thus, when x<-1and x=1, fis increasing.

Ininterval (- 1, 1)i.e, when-1<x<1, f'(x)<0.

Thus, when - 1 < x< 1, fis decreasing.

Answer needs Correction? Click Here

Now, f'(x)

0



Qa 5 3

* Find the maximum area of an isosceles triangle inscribed in the ellipse x_2+;_2 =1 with its
o ¥

vertex at one end of the major axis.

Answer :

L (o, 0)

1.

7 a

The given ellipse is*_+ :_2
a ¥

=1.

Let the major axis be along the x - axis.
Let ABC be the triangle inscribed in the ellipse where vertex Cis at (g, 0).

Since the ellipse is symmetrical with respect to the x - axis and y - axis, we can assume the
coordinates of Ato be (- xy, 4) and the coordinates of B to be ( - xy, - 14).

b 2 2]
Now, we have y, =+—ja" —x .
a

..Coordinates of A are (—xl, E.Jaz —x,’] and the coordinates of B are (xl. —éq.,fa’ —-x; ]
a a

As the point (xy, J4) lies on the ellipse, the area of triangle ABC (A)is given by,

T e T (e N S

a
= 4 =bv{a3 -x7 +x|£,ja3 -x (1)
o
L dA =2x,b b 5 2bx;
R e e [ i
dy,  2Ja'-x @ afa =x;
b

X il 2

= —Na+t {cr —.r,‘] -X
2 2
i =Xy

~ b{—lr," —xa+at )

a“’az -x

Now, ﬂ =0
dx

=-2x —xa+a’ =0

B at. |at —4(—2:}(33}
RARTC)
atxfr')a_i

But, x;cannot be equal to a.

. a  ha \Eb
_ 3=

.',_‘r:a::»yzb a - = )
! ! 4 2q 2

r




: 2 A LTeN)

) o' —x (—4x,—a)—{—2x, —x|a+a-}—2 .

Now, d‘:I:E L e
2

1

1_ 2
a a =-x

b (@ =x})(-4x, - a)+x (-2x - xa+a’)
a [a:—xlz]z

2x"=3ax—a
3

(ﬂ'z —,t2]3

Also, whenx, = % then

Thus, the area is the maximum when x, =§_

. Maximum area of the triangle is given by,

A=h fa:—£+[ﬂ]£ at -
4 2)a 4

T

ab3 ab\3 _3V3

+
2 4 4

=ab

Answer needs Correction? Click Here

Q9: A tank with rectangular base and rectangular sides, open at the top is to be constructed so
that its depth is 2 m and volume is 8 m?, If building of tank costs Rs 70 per sq meters for the base
and Rs 45 per square metre for sides. What is the cost of least expensive tank?

Answer :

Let / b, and hrepresent the length, breadth, and height of the tank respectively.
Then, we have height(h=2m

Volume of the tank = 8m?

Volume of thetank =/=x bx h

SB=lxbx2

::-Ib:él::sb:;

Now, area of the base = [b=4

Area of the 4 walls (A)= 2h (+ B)

wd=afir 2]



Now, ﬂ:ﬂ
dl

= I—i,z{}
j.

=" =4

=[=42

However, the length cannot be negative.

Therefore, we have /= 4.

4
.‘_bzi: —:2
{2
2 >
Now, a4 - 3—,'
j.
d’d 32

When!=2, —=—=4>0.
dal” 8

Thus, by second derivative test, the area is the minimum when/= 2.
We have /= b= h=2.

..Cost of building the base = Rs 70 x(/b) = Rs 70 (4) = Rs 280

Cost of building the walls = Rs 2h(/+ b) x45=Rs 90 (2) (2 + 2)

=Rs 8(90)=Rs 720

Required total cost = Rs (280 + 720) = Rs 1000

Hence, the total cost of the tank will be Rs 1000.

Answer needs Correction? Click Here

Q10 : The sum of the perimeter of a circle and square is k, where kis some constant. Prove that the
sum of their areas is least when the side of square is double the radius of the circle.

Answer :
Let rbe the radius of the circle and a be the side of the square.

Then, we have:

2nr +4a = k (where k is constant)

k—2nr
4

=a=

The sum of the areas of the circle and the square (4) is given by,

) 2
A=mr? +a° =w2+%

A 20k =2mr i —=2m) mik—2nr)
==t =P
dr 16 4

Now,ﬁzﬂ
ar

T mik—2mr
Ar=k-2mw
= (8+2nir=k
k k
T T T

2 1_[2

Mow , g=2ﬂ:+— =0
dr 2




£ a4
244+ dr

L When r = =0

. The sum of the areas is least whenr =

2id4m)
k_zn[z'i } k4 k
| Tl O
When r= k A= ! i Sl i Ak = x = 2r
24 +m) 4 4{d4+m) did4+mi 44w

Hence, it has been proved that the sum of their areas is least when the side of the square is double
the radius of the circle.

Answer needs Correction? Click Here

Q11 : Awindow is in the form of rectangle surmounted by a semicircular opening. The total
perimeter of the window is 10 m. Find the dimensions of the window to admit maximum light
through the whole opening.

Answer :

Let x and ybe the length and breadth of the rectangular window.

Radius of the semicircular opening =§

m
2
|

x

It is given that the perimeter of the window is 10 m.

St 2y + =10

2
:>x['l+g]+2_y=10
:>2y=10—x[1+%]

= —5—x[l+E]
= 2" 4

~Area of the window (Ais given by,



=5-x-x=0
4

:>;{1+E]=5
4
5 20
e o TR
[1+E] n+4
4
Thus, when y=—22 then &4 < 0.
n+4 dx”

Therefore, by second derivative test, the area is the maximum when length x = 2—04 m.
m+

Mow,

20 [2+n]_5_5[2+m_ 10
m+dl 4 ) n+4  w+d

Hence, the required dimensions of the window to admit maximum light is given by

length = ZiL m and breadth =
m+4 n+4

1.

Q12 : A point on the hypotenuse of a triangle is at distance a and bfrom the sides of the triangle.

Show that the minimum length of the hypotenuse is (u + bi J

Answer :
Let AABC be right-angled at B. Let AB = xand BC = .

Let P be a point on the hypotenuse of the triangle such that P is at a distance of g and bfrom the
sides AB and BC respectively.

Llet ~C=4.

A

B 2
We have,

AC= ¥ +)?

Now,

PC = bcosecsd

And, AP = asecéd

SAC=AP+PC

= AC = brosec 8+ asecd ... (1)

~d(AC)
dd

dd
= asecftan @ = bcosecd cot &

= —hcosecH cot # + asecHtan &

a ‘sint?_ h cos@
cosH cosd  sind siné
= asin’ @ =bhcos’ 8

1 |
i AT - AT



=(a) sing =|b)’ cose/
L

:-taln!9‘=[{‘;]'t
o

| =

1
At
.'.sinﬁ':% and cosd = % (2)
Vai +b° a’ +b?
It can be clearly shown that d';;ﬂ) <0 when tan# = [E] .
- a

Therefore, by second derivative test, the length of the hypotenuse is the maximum when
|

tané = [E]J .
[e)

Now, Whentangz[

|
bT , we have:
o

al +h° a\jai +b?
= I + 1
At a’

= ‘|.||c.=j+.l.‘:i [b§+ﬂ':‘]

AC

[Using (1) and (2)]

3
2 23
Hence, the maximum length of the hypotenuses is(as +h? Jz .

Answer needs Correction? Click Here

Q13 Find the points at which the function fgiven by f (x)=(x-2)'(x+1) has

(i) local maxima (i) local minima

(ii) point of inflexion

Answer :

The given function is £ (x) = (x-2)" (x+1)’.
() =4(x=2) (x+1) +3(x+1) (x-2)*
=(x-2) (x+1) [4(x+1)+3(x-2)]

=|:x—2)3{x+])1[7x—2]
Now, /'(x)=0 = x=-landx= % orx=2
Now, for values of x close to% and to the left of%f‘{x} > 0. Also, for values of x close to % and to

the right Df%,f’(x] <0,

Thus, x:% is the point of local maxima.

Now, for values of x close to 2 and to the left of2, f*(x) < 0. Also, for values of x close to 2 and to the
right of 2, f'(x)>0.

Thus, x = 2 is the point of local minima.

Now, as the value of xvaries through - 1, f*(x) does not changes its sign.



Thus, x =-1 is the point of inflexion.

Answer needs Correction? Click Here

Q14 : Find the absolute maximum and minimum values of the function fgiven by

f(x)=cos’ x+sinx,xe[0x]

Answer ;

f(x)= cos” x+sinx

f'(x)=2cosx(-sinx)+cosx

=-2sinxcosx+cosx

Now, f'(x)=0

= 2sinxcosx =cosx = cosx(2sinx—1)=0
. 1

::>smx=5 or cosx=1{

::?_\T:E,, or %asxe[ﬁ,n]

]

Now, evaluating the value of fat critical pointsx = gand = %and at the end points of the interval

[0m] (ie., at x=0and x = n), we have:

I E]:cnszfﬂ;inzz £ +l=E
6 ] O 2 2 4

F(0)=cos’ 0+5in0=1+0=1

f(r)=cos’ n+sinw=(-1)"+0=1

f1Z|=cos? ZrsinE=0+1=1

2 2 2
Hence, the absolute maximum value of fis% occurring at ng and the absolute minimum value of
fis 1 occurring atx = ﬂ,g,andfr.

Answer needs Correction? Click Here

Q15 : Show that the altitude of the right circular cone of maximum volume that can be inscribed in

a sphere of radius ris% .

Answer :
A sphere of fixed radius (r)is given.

Let R and h be the radius and the height of the cone respectively.

The volume (V) of the cone is given by,
V=Larh
3

Now, from the right triangle BCD, we have:



Nope i =R
V=%TER2 (r+fr- R I=%ER2?+%TLR21??2—R2
.'.£=Eﬂﬂr+gnﬂ i B +£;
drR 3 3 3 o fri-m
3
Bl T R, T
3 3 3 rQ_RE
2 onRirt - R - R
=—mnfr+
3 - R
2 3
_2 ., 2nR-3nR
3 eI o
Now,%:[]

onrR 3mR - 2nRet
3 3t - R
=2rfr? - R =38 - 207

42 (P RY = (3R 2 |

=4rt 472 R = 9R +4. — 1281

= OR -8R =0

= 9R* =&
-5
- 2 2 2 2 .2 : ]
e Wr - R (2n” —9aR* ) - (2nRr* - 3aR ){—6&)24}3_—}?
Now,—=—"—+ 2 2
dR* 3 9(r - )
3 o 2 2 2 3 ]
WK =R (2ar® -97R* )+ (2aRr’ - 3nR)(3R)— ——
= 2TUI+ ( ;] ( ]{ }QNIII_R:
3 9(r* - R)
Now. when R? = 8 . it can be shown that d-if <0.
] i’

.. The volume is the maximum when g* =8L_

9
, 8 8 2 4
When R = 3‘]— height of the cone = »+, [r° S :'+‘/Z= rtl=2"
9 9 9 3

Hence, it can be seen that the altitude of the right circular cone of maximum volume that can be

| £

i

inscribed in a sphere of radius ris43—r.

Answer needs Correction? Click Here

Q16 : Let fbe a function defined on [a, &] such that f'(x) > O, for all x € (a, b). Then prove that fis an
increasing function on (a, b).
Answer :

Let such that
Consider the sub-interval [

Answer needs Correction? Click Here



Q17 : Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of

radius R is%. Also find the maximum volume.

Answer :
A sphere of fixed radius (R)is given.

Let rand /1 be the radius and the height of the cylinder respectively.

From the given figure, we have j — 2. /p? _ ;2.
The volume (V) of the cylinder is given by,

V=mh=2m" R -+
o 2 (=
i—l =durf R - +7Am [ ,_r]

r 2R —r
gl
2m

=4aryR' -r* -

- 41[!‘()?: -7 }I—EJ'IJ"t

IIR: _j,z
_ durR? -6’
R: —j'?

dl 5
Now, on = 4R’ —6mr =0

. 2R
== =—
3
4V m{qﬂfg!_lgm;)_wmﬂz_Emr_‘} (_:_:-,.)1
NN G — N
dr- I:R”—,w}

(R* =17 )(4rR* 187 )+ r (4mrR — 6 )

i
()
_ dnR =220 R + 120 + 4w R

i

(-ry

2R
3 T dr

MNow, it can be observed that at,* = <0.

2
. The volume is the maximum when * = &

3
When 2 =£, the height of the cylinderis2,|R* _2R_ 2 L =£,
3 U' 3 N3 NE)

Hence, the volume of the cylinder is the maximum when the height of the cylinder is% .

Answer needs Correction? Click Here

Q18 : Show that height of the cylinder of greatest volume which can be inscribed in a right circular
cone of height h and semi vertical angle « is one-third that of the cone and the greatest volume of

cylinder is%mif tanZa.



Answer :

The given right circular cone of fixed height (#) and semi-vertical angle () can be drawn as:
A

(i3

F =t G

Here, a cylinder of radius R and height His inscribed in the cone.
Then, «GAO =g, 0G=r,0A=h OE=R and CE=H.

We have,

r=htana

Now, since AAOG is similar to ACEG, we have:

A0 _CE
0G EG
h A [EG =0G ~OE]
r r—
= Hzﬁ(r—R]z h (Iﬂana— R)z [htanrx—R}
r fitan & tanor

Now, the volume (V) of the cylinder is given by,

2 3
T L S O
tan & tan &
2
ﬁ=2TL£H::—3TER
dR tan &
Now,gzo
dR
2
= 2nRh = i
tan &

= 2htan o =3R

2h

Nlm;ﬂ =2nh- OEk
dR”

tan

And, forR = ? tan ez, We have:

21 (
d I; =2rh L] %lanﬂ:Enh dah=-2nh<0
dR- tanee | 3 y.

..By second derivative test, the volume of the cylinder is the greatest when

R:ﬁtanrx.
3

-

)
thnR=Etana. H =L[hlana‘—&tﬂna |=
3 tan ¢ 3 3

1 (htana “| _h
3 ) tana 3

Thus, the height of the cylinder is one-third the height of the cone when the volume of the cylinder
is the greatest.

Now, the maximum volume of the cylinder can be obtained as:

(2;: \’[h {4;;“ , (n] 4L,
| —tane | |— |=n| —tan‘« || = |[=—a k' tan" &
3 ) 3J 9 3) 27

Harmecn tha aivnm; rncolt e meoaoend
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Answer needs Correction? Click Here

Q19 : Acylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic mere per
hour. Then the depth of the wheat is increasing at the rate of

(A) 1 m/h (B) 0.1 m/h
() 1.1 m/h (D) 0.5 m/h

Answer :
Let rbe the radius of the cylinder.

Then, volume (V] of the cylinder is given by,

V = a(radius)” x height
= n(10) & (radius =10 m)
= 1007/
Differentiating with respect to time ¢, we have:

W ro0n

dt dt
The tank is being filled with wheat at the rate of 314 cubic metres per hour.

.'.£=3I4 m'/h
dr

Thus, we have:

3I4=I{}{}rzﬁ
dt

dh 34 314
=5, —= ==
dr 100(3.14) 314

Hence, the depth of wheat is increasing at the rate of 1 m/h.
The correct answer is A.

Answer needs Correction? Click Here

Q20 : The slope of the tangent to the curve x =* + 3t -8,y =2+ - 2r - 5at the point (2, - 1) is

2 6,7 -6
A == (B) 2 (O« (B) —

Answer :

The given curve isy=¢>+3r-8 and y = 21> = 2¢-5.

.'.E=21+3and ﬂ=4."—2
dr dr

Cdv_dy dr 42

Tdx dt dv 2+3

The given pointis (2, - 1).
At x= 2, we have:

1 4+3-8=2

= +3-10=0
=(r-2)(t+5)=0

=tr=20rt=-5

At vu=_1 wa havar



2% -2t-5=-1

=20 -2%-4=0
=2(r-1-2)=0
=(r-2)(t+1)=0
=t=2ort=-1

The common value of tis 2.

Hence, the slope of the tangent to the given curve at point (2, - 1) is

dv] _4(2)-2 8-2 6
dx ,=1_2{2]+3_4+3_?'

The correct answer is B.

Answer needs Correction? Click Here

Q21: The line y= mx+ 1 is a tangent to the curve J? = 4x if the value of mis

A1(|2(03([D) %

Answer :

The equation of the tangent to the given curve is y=mx + 1.

Now, substituting y= mx+ 1in y* = 4x, we get:

= (mx+ l]2 =4x

=X +1+2mx—4x =0

= 'y’ +x(2m-4)+1=0 (1)

Since a tangent touches the curve at one point, the roots of equation (i) must be equal.

Therefore, we have:
Diserimimant = ()

(2m-4) - 4(m*)(1)=0

= 4m* +16-16m -4m* =0
= 16-16m=0

=m=1
Hence, the required value of mis 1.

The correct answer is A.

Answer needs Correction? Click Here

Q22 : The normal at the point (1, 1) on the curve 2y+ x> =3 is
(A) x+y=0(B) x-y=0
O x+y+1=0(D)x-y=1

Answer :
The equation of the given curve is 2y + x* = 3.
Differentiating with respect to x, we have:

2dy
—_ 2_ = 0
d ’



ﬂ} -
dx 1)

The slope of the normal to the given curve at point (1, 1) is

-1

—=1
)

dy (1)

Hence, the equation of the normal to the given curve at (1, 1) is given as:

::)y—lzl{x—l)
= y-1l=x-1
=x—y=0

The correct answer is B.

Answer needs Correction? Click Here

Q23 : The normal to the curve x* = 4y passing (1, 2) is
(A) x+y=3(B)x-y=3
(C)x+y=1(D)x-y=1

Answer :
The equation of the given curve is x* = 4y.

Differentiating with respect to x, we have:
2x =4,Q

dy  x
= —=—=—
de 2
The slope of the normal to the given curve at point (f, k) is given by,

-1 2

EI
dx (h.k)

~.Equation of the normal at point (A, ) is given as:

y-k="2(x-h)

Now, it is given that the normal passes through the point (1, 2).
Therefore, we have:

-2 7
2—k=f(1—ﬁ) mk=2+;{1—h] (i)

Since (A, k) lies on the curve x° = 4y, we have b = 4k.

hz

4

=k

From equation (i}, we have:
W 2
—=2+={l-h
4 h( )
hi
= —=2h+2-2h=12
4
=h'=8
= h=2

.'.k:h—_:ﬂc:]
4



Hence, the equation of the normal is given as:

::;y—lz_?z{x—z)

=S y-1=-(x-2)
=x+y=3
The correct answer is A.

Answer needs Correction? Click Here

Q24 : The points on the curve 9)7 = X%, where the normal to the curve makes equal intercepts with
the axes are

8 8
{A](él-,iﬂ (B) (4?]

3 3
()] (4,1— EJ (D) (t4’§J

Answer :
The equation of the given curve is 9)7 = x°.
Differentiating with respect to x, we have:

9[2;«']% =3x

o X
:}ﬂ:

dx 6y

&

The slope of the normal to the given curve at point (x,,y,}is

-1 by

df E)

. The equation of the normal to the curve at (x,,y,)is

_6 H
y-y =P (x-x).

Xy

= xf}‘—xfh =-06x), +6x,),

= 6x), + X7y = 6x,p, + X,
by, %y

ox v, +x7 ), 6x )y +x Y

X y
= + =1
x(6+x) y(6+x)
[ X,

It is given that the normal makes equal intercepts with the axes.
Therefore, We have:

x,(6+x,] _ y,l:6+x|]

6 X,
NN
::,___
6 x
= x =6y, (i)

Also, the point(x.y, ) lies on the curve, so we have
9y? = i (i)

From (i) and (ii), we have:



From (ii), we have:

937 =(4) =64
, 64
= }’f = —
9
=W =:tE
3

Hence, the required points are(dl-,ig}

The correct answer is A.



