Exercise 11.1

Question 1:

If a line makes angles 90°, 1352, 45° with x, v and z-axes respectively, find its direction
cosines.

Answer

Let direction cosines of the line be /, m, and n.

I =c0s90°=0

|
m=cosl3s®=-——

)

|
n=cos45°=—
J2

0,——=, and
Therefore, the direction cosines of the line are “{E \E

Question 2:

Find the direction cosines of a line which makes equal angles with the coordinate axes.
Answer

Let the direction cosines of the line make an angle g with each of the coordinate axes.

sl=cosa, m=cosa,n=cosa

F+m +n =1
= c0s @+cos a+cos a=I1

=3cos’a=1

) 1
= C0S @ =—
3

1
= Cosd =i—3

Thus, the direction cosines of the line, which is equally inclined to the coordinate axes,
1 | 1
t—,t—, and +—

are N3 V3 3

Question 3:
If a line has the direction ratios —18, 12, —4, then what are its direction cosines?
Answer

If a line has direction ratios of —18, 12, and —4, then its direction cosines are

-18 12 -4
\[(—lﬂ)‘+(12)’+(—4}: \/{—18}:+{12):+(—4]: J(—I8}2+(12):+(—4]1
-8 12 4
nTn'n
9 6 -2
11
=)
—E.E.'md -
Thus, the direction cosines are 1111 1,

Question 4:
Show that the points (2, 3, 4), (-1, -2, 1), (5, 8, 7) are collinear.



Answer

The given points are A (2, 3, 4),B(—- 1, — 2, 1), and C (5, 8, 7).

It is known that the direction ratios of line joining the points, (x1, y1, Z1) and (xz, vz, Z2),
are given by, xz — X1, y2 — y1, and zz — z;.

The direction ratios of AB are (-1 — 2), (-2 — 3),and (1 — 4) i.e., —3, =5, and -3.
The direction ratios of BCare (5 — (— 1)), (8 — (- 2)),and (7 — 1) i.e., 6, 10, and &.
It can be seen that the direction ratios of BC are —2 times that of AB i.e., they are
proportional.

Therefore, AB is parallel to BC. Since point B is common to both AB and BC, points A, B,
and C are collinear.

Question 5:

Find the direction cosines of the sides of the triangle whose vertices are (3, 5, — 4), (—
1,1,2)and (- 5, — 5, — 2)

Answer

The vertices of AABC are A (3,5, —-4), B (-1, 1, 2),and C (-5, -5, —2).

A (3,5 -4)

C
Eh »
=1, 1,2) (-5.-5,-2)

The direction ratios of side AB are (-1 — 3), (1 — 5), and (2 — (—4)) i.e., —4, —4, and 6.

Then,y[(~4)" +(~4)" +(6) =16+16+36

= /o8
=217
Therefore, the direction cosines of AB are
—4 -4 6
V=Y + (=) +(6) (=) +(=4)"+(6) |(=4)" +(~4)" +(6)
—4 4 6
2177 2017 2017
-2 =2 3

V7' N7 7
The direction ratios of BC are (-5 — (—-1)), (-5 — 1), and (-2 — 2) i.e., —4, —6, and —4.
Therefore, the direction cosines of BC are
— —b6 —
VY + () () () +(6) () (4) +(-6) +(~4)
—4 —6 —4
2177 217" 2317

The direction ratios of CA are (-5 - 3), (-5 — 5), and (-2 — (—4)) i.e., =8, —10, and 2.

Therefore, the direction cosines of AC are

-8 -5 2
J8) +(10) +(2) (=8 +(10) +(2)" {(-8) +(10) +(2)’
=8 =10 2

2427 2J42 7 22

Exercise 11.2

Question 1:

Show that the three lines with direction cosines



3431530

137137137137137137 13713713 are mutually perpendicular.

Answer
Twao lines with direction cosines, /1, my, ny and (3, mz, nz, are perpendicular to each
other, if lifs + mumz + mnz = 0

12 -3 -4 4 12 3

(i) For the lines with direction cosines, 13713713 and 13713° 13, we obtain

12 4 (-3} 12 (-4 3
L+mm+nn, =—x—+| — |x—+| — |x—
) . S13 13 VI3 13 W13 ) 13

169 169 169
=0

Therefare, the lines are perpendicular.
4 12 3 3 412

(ii) For the lines with direction cosines, 13713713 and 13713713 . we obtain

3 12 [—-’IJ 3 12
LL+mm,+mn,=—x—4+—x| — [+ —x—
13 13 13 L13) 13 13
1248 36
169 169 169
=

Therefore, the lines are perpendicular.
3 412 12 -3 -4

(iii) For the lines with direction cosines, 13713713 and 13713713 , we obtain

3 12 — =3 12 —4
L, +mm, +nn, =(—]x[—]+(—]x[_J+[_)x[_]
13 13 13 I3 13 13

36 12 48
169 169 169
=0

Therefore, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.

Question 2:

Show that the line through the points (1, -1, 2) (3, 4, —2) is perpendicular to the line
through the points (0, 3, 2} and (3, 5, €).

Answer

Let AB be the line joining the points, (1, —1, 2) and (3, 4, — 2}, and CD be the line
joining the points, (0, 3, 2) and (3, 5, 6).

The direction ratios, a;, by, ¢q, of AB are (3 — 1), (4 — (-1)),and (-2 — 2) i.e., 2, 5, and
—4.

The direction ratios, a;, by, ¢;, of CD are (3 — 0), (5 — 3), and (6 —=2) i.e., 3, 2, and 4.
AB and CD will be perpendicular to each other, if @@, + bybs+ €162 = 0

a8, + bt i, =2x3+5x2+(—4)x4

=6+ 10 — 16

=0

Therefore, AB and CD are perpendicular to each other.

Question 3:
Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through the
points (-1, —2, 1), (1, 2, 5).



Answer

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line through
the points, (-1, -2, 1) and (1, 2, 5).

The directions ratios, a,, by, ¢y, of ABare (2 — 4), (3 - 7),and (4 — 8} i.e., —2, —4, and
—4.

The direction ratios, az, bs, ¢z, of CDare (1 — (—-1)), (2 — (-2)), and (5 - 1} i.e., 2, 4,
and 4.

ﬂT —_ hl _rl
AB will be parallel to D, if % b, ¢
a, —2__
d, N 2 =
b_4_
b 4
c, _j I
c, 4
a4 b _a
Ta, booc

Thus, AB is parallel to CD.

Question 4:

Find the equation of the line which passes through the point (1, 2, 3} and is parallel to

the '..rt=_~t:t'::-r3'j +2) -2k .

Answer
It is given that the line passes through the point A (1, 2, 3). Therefore, the position

vector through A is @ =1 +2/+3k

b=3+2]-2k

It is known that the line which passes through point A and parallel to bis given by

F=a+Ab, where 4 ;o o ohctant.

= F=i+2j+3k+A(30+2]-2k)

This is the required equation of the line.

Question 5:
Find the equation of the line in vector and in Cartesian form that passes through the
2i -]+ 4k

point with position vector and is in the direction ' +2j-k .
Answer

It is given that the line passes through the point with position vector
a=2i—j+4k (1)

b=i+2j-k -(2)

It is known that a line through a point with position vector and parallel to bis given by

the equation, ¥ =d+4b

-

:F:Zf—j+4.’€+i(:+2}—!f}



This is the required equation of the line in vector form.
F=xi —_'.j}' +zk
= xi -y +zk=(A+2)i +(24-1)j+(-A+4)k
Eliminating A, we obtain the Cartesian form equation as
x=2 y+l z-4

1 2 -l

This is the required equation of the given line in Cartesian form.

Question 6:
Find the Cartesian equation of the line which passes through the point

xX+3 y-4 z+8

(—2, 4, —5) and parallel to the line given by 3 S 6
Answer
It is given that the line passes through the peoint (-2, 4, —5) and is parallel to
x+3 v-4 z+8
305 6

x+3 y-4 z+8
The direction ratios of the line, 3 5 6 are 3,5, and €.

x+3 yv-4 z+8

The required line is parallel to 3 5 6
Therefore, its direction ratios are 3k, Sk, and &k, where k = 0
It is known that the equation of the line through the point (x;, yi, z1) and with direction

X-X _y-y _z-z

ratios, a, b, ¢, is given by @ b c
Therefore the equation of the required line is

x+2 y—-4 z+5

3k Sk 6k
x+2 yv—4 =z+5
f— == = = f(
3 5 6
Question 7:
x=5 y+4 z-6
The Cartesian equation of a line is 3 7 2 . Write its vector form.

Answer
The Cartesian equation of the line is
x=5 v+4 z-6
—_ _ __{l)
3 7 2

The given line passes through the point (5, —4, &). The position vector of this point is

a=5i—4j+6k
Also, the direction ratios of the given line are 3, 7, and 2.

This means that the line is in the direction of vector, b=3i+7)+2k

It is known that the line through position vector d and in the direction of the vector ¥ is

given by the equation, F=d+Ab,AeR

:w‘=[5E—4}+ﬁ£)+,i[3f+?,;-+2£]

This is the required equation of the given line in vector form.



Question B:

Find the vector and the Cartesian equations of the lines that pass through the origin and
(5, -2, 2).

Answer

The required line passes through the origin. Therefore, its position vector is given by,
a=0 (1)

The direction ratios of the line through origin and (5, -2, 3) are
(5-0)=5,(-2-0)=-2,(3-0)=3

The line is parallel to the vector given by the equation, b=5i-2j+3k

The equation of the line in vector form through a point with position vector dand parallel
to big F=d+ib, ieR

= F=0+4(51-2j+3k)

=7 =A(51-2j+3k)

The equation of the line through the point (xy, vy, z;) and direction ratios a, b, ¢ is given

X-X, _¥-y _z-g

by, d b [
Therefore, the equation of the required line in the Cartesian form is
=0 y-0 z-0

s 2 3

—

ted | b

b
-2

| =

Question 9:

Find the vector and the Cartesian equations of the line that passes through the points (3,
-2, =5), (3, -2,68).

Answer

Let the line passing through the points, P (3, -2, —=5) and Q (3, -2, &), be PQ.

Since PQ passes through P (3, —2, —5), its position vector is given by,

a=3i-2j-5k

The direction ratios of PQ are given by,

(3-3)=0,(-2+2)=0,(64+5)=11

The equation of the vector in the direction of PQ is

b=0i-0j+11k=11k

The equation of PQ in vector form is given by, " =9+ Ab, A€ R

= F = (37 -2j-5k)+ 114k

The equation of PQ in Cartesian form is

X=X _ V=¥ _zI-3

a h ¢ e,

x=3 y+2 z+45
0 0 11

Question 10:

Find the angle between the following pairs of lines:

_ F=15-5_}+§+A(3§—1}+6£)and
(i)

SR Y SR (RN S |



r=ir—un ‘I',(-l"i' "'-’f"'-’ﬂ.j

F=3I+j—z£+,a(f—j—2£] ;
an

(i)
F=2i - j- 56k + p(31 -5} - 4k)

Answer

(i) Let Q be the angle between the given lines.

cos() =
The angle between the given pairs of lines is given by,

b =3i+2j+6k

b b,
b,

The given lines are parallel to the vectors, and by=i+2j+2k ,
respectively.

wfbl=VE 427 467 =
|.§3|=J(|]1+{zf +(2) =3
b -b, =(3r’+2}+6!€)-(5+2}+2f)

=3x1+2x2+6x2

=3+4+12
=19
19
= cosQ=
cosQ =3
19
= =cos_
0-r’(Z]
(ii) The given lines are parallel to the vectors, b'zi_"'l_z'kand b, =3i - ‘S‘F_M
respectively.
.-.\h’\=\/{|)’ +(—1}3+{—2}" =6
b= J(3) +(=5) +(~4)’ =V50 =52
5]- =(:’—j—2k]-(3.-’—5}—4k)

1:3-1(-5)-2(—4)

=3+5+8
=16
b - b,
cosQ =|———
|b. b,
= cosQ 16 16 16
C
J_ 52 V23502 103
= €08 =—
¢ 5\3
::»Q-cus'[iJ
5V3

Question 11:

Find the angle between the following pairs of lines:

r—2_y—l_:+3an x+2 y-4 z-5
i 2 5 -3 -1 8 4
X y = x=-5 _y-2 z-3
Ggin 2 2 1 4 | 8



ii Let bﬁ li'I.":’I::e the vectors parallel to the pair of lines,
x=2 y-1 =z+3 x+2 y-4 =z-5
=X = Bnd = =
2 5 -3 -1 8 4 | respectively.

b =2i+57-3k b =—i+8j+4k

=J{2 :+(5 :+ -3) F =38
|h|—J{ 1) +(8) +(4)' =\B1=9
by-by=(20+5]-3k)-(- +8]+4k)

=2(-1)+5x8+(-3)-4
—-24+40-12
=26

The angle, Q, between the given pair of lines is given by the relation,

!

cos (0 ===

‘-‘-:r-l
Q‘-l =

:cusQ-

_a 26
= (J=cos (—qJﬁ]

£l

x
(ii) Let by by be the vectors parallel to the given pair of lines, 2
x-5 y-5_z-3

4 I LI respectively.

b, =4i+ ] +8k

JB]= 2y +(2) +() =0 =3

| = a8 = BT =9

b, -b, =[2f+2}'+:‘£)-{4f+j‘+8§)
=2x4+2x1+1x8

=8+2+8
=18

=0
I

cos(=

]

e

If Q is the angle between the given pair of lines, then
18 2
=cosQ=—-==
Ix9 3

9

2

:> —_

Q= cos [3]
Question 12:

l-x Ty-14 =z-3
3 2p 2

Find the values of p so the line and

7-7x _y-35 _6-z
3p 1 5

are at right angles.



Answer
The given equations can be written in the standard form as

x-1_y-2 z-3 x-=1 y-5 z-6

-3 2p 2 -3p 1 -5
7 and 7
2 =3
<P =Py s
The direction ratios of the lines are -3, 7 , 2 and 7 respectively.

Two lines with direction ratios, a., by, ¢1 and as, ba, ¢;, are perpendicular to each other, if
dids + b]_ bg +cicz2=0

.-,(—3}-(‘37*”J+[27f’]-(1}+:-(-5)=u

=:-E+E=IO

7 17
=1lp=70
70

= p=—

Y
70

Thus, the value of p is (R

Question 13:
=3 _y+2_z  x_y_:z
Show that the lines 7 =5 land I 2 3are perpendicular to each other.
Answer
=3 _y+2 2 x_y_:z
The equations of the given lines are 7 -5 1 and | 203

The direction ratios of the given lines are 7, -5, 1 and 1, 2, 3 respectively.
Twao lines with direction ratios, a,, by, ¢1 and az, b, ¢z, are perpendicular to each other, if
didy + .b]_ .b2 4+ Cic2 =0

a7 X1+ (-5)x2+1x3
=7 —-10+ 3
=0

Therefore, the given lines are perpendicular to each other.

Question 14:

Find the shortest distance between the lines

r=[f+2}+f£)+£(f—\,}+kﬁ)ﬂnd
;=2f—j—£+;r(2?+_;+2f£)
Answer

The equations of the given lines are
;=(f+2j+£)+i(f—_}‘+£]

;=2f—}—£+;1(2?+j+2.‘;)

It is known that the shortest distance between the lines, "
given by,
(hl xh:]-(u; —u;)

d= | {I]

|hl| * h.:




Comparing the given equations, we obtain

G =i+2j+k
bo=i-j+k
a:=2i-j—k
. .

-2
x
()
]
b = =
|
—
b = ==

b xb, =(-2-1)i =(2-2) j+(1+2)k =-3i + 3k

= J(3) +(3) =\o59 =18 =342

Substituting all the values in equation (1), we obtain

=> b, xb,

. (-3f+3£)-[f—3}-2£]|
W2 |

d=‘-3.1+3(-2]

W2

=>d=|—¢

‘NE
:,‘ud: 3 = 3!(\1{5 :ﬁ
£ axdz 2

W2

Therefore, the shortest distance between the two lines is 2 units.

Question 15:

x+l y+l1 z+l

Find the shortest distance between the lines 7 -6 1 and

Answer

x+l_ y+l_ z+l x-=3 y-5 z-17

The given lines are 7 -6 I and | -2 I
It is known that the shortest distance between the two lines,

X=X _ V=¥ _I-3

X=x, y-=y, z-z,
z and L== bj- = 2
@ I € % 2 e , Is given by,
Xy — X Ym0 27
a b, 6
¢ b, .,

d= : - 2]
J{blc': -be) +(ca,-c.a) +(ab,-ab)

Comparing the given equations, we obtain
x=-1 yy=-1z=-1

a =7, b=-6, ¢ =1

x=3 »=35 5=7

a, =1, b,=-2,¢,=1

da X Y=V 23— 4

Then,

i, b, 4



a, b, Cy ‘I -2 1 |
=4(-6+2)-6(7-1)+8(-14+6)
=-16-36-64
=-116

= (s b, ) + (et —caa,) +(aby b)) = J(-6+2) +(147) +(-14+6)
=+16+36+64
=4/116
=2V29
Substituting all the values in equation (1), we obtain
d = -116 38 —2x29__
229 V29 V29

Since distance is always non-negative, the distance between the given lines is

2729 s

229

Question 16:

Find the shortest distance between the lines whose vector equations are
F:(f+2j +3£}+,1(f -3j +2£)

and r =4§+5j+6£+y(2f+3j+£]

Answer

r:=f+2.,;'+3£+).[f—3_}'+2£:) F:4f+5}+6£+p(25+3j‘+£]

The given lines are and

F=a+ by g F=dy+pby

It is known that the shortest distance between the lines, is
given by,
d= (bl xb:)-(u: —u;]|

(1)
|

<]

Comparing the given equations with r=a+Aab and T =% +‘ub3, we obtain

@ —a ={4f+5j+6!§)—(f+2_,;'+3JE)=3.5+3}+3E

i

xn';_,zl -3
2 3

= |b, ><5:|=J[—9): +(3) +(9) = V81+9+81=171=3J19

(B xb, ) (@ —an)=(-97 +37 +9k)-(3 + 3/ +3%)

=-O0x3+3x3+9x3

=9

=(-3-6)i -(1-4) j+(3+ 6)k =97 +3 + 9%

= b2 F

Substituting all the values in equation (1), we obtain

3

J19

9
d = |—
‘3@



£

Therefore, the shortest distance between the two given lines is units.

Question 17:

Find the shortest distance between the lines whose vector equations are
r=(1=1)i +(r=2) j+(3-2r)kand

r=(s+1)i +(2s=1)j-(2s+1)k

Answer

The given lines are
r=(1=1)i +(1=2) j+(3-20)k
=r=(i=2j+3k )+t(-i+j-2k) (1)

F=(s+1)i+(2s-1) - (25 1)k

=-r:=(f—j+f)+.s'|:f+2_}'—2i:) -(2)
It is known that the shortest distance between the lines, r=q, +ib‘ and r =El +’Ub*, is
given by,
b xh, )-(az—a:
u’={' )( ) -(3)
bixb|

For the given equations,
;| =l:-2j+3kﬂ
b=—i+j-2k
ar=i—j—k
53 =f+2}—2£
ar—an=(i ] k) ~(i-2]+3k) =} 4k

i _,r A
boxb,=-1 1 2= (-2+4)i = (2+2) j+(-2-1)k=2i -4 -3k

l 2 -2

= leE:‘=J[2}:+(—4}:+(—3): =J1+16+9 =29
w(bixb,)-(a2—ai)=(2i —4j-3k)-(j - 4k) =—4+12=8
Substituting all the values in equation (3), we obtain

8| 8

V29| V29

8
Therefore, the shortest distance between the lines is V29 units.

Exercise 11.3

Question 1:
In each of the following cases, determine the direction cosines of the normal to the plane

and the distance from the arigin.

Answer



({a) The equation of the planeisz=2orOx + 0y +z =2 ... (1)
The direction ratios of normal are 0, 0, and 1.

VO 07 +17 =1

Dividing both sides of equation (1) by 1, we obtain

Ox+0.y+l.z=2

This is of the form Ix + my + nz = d, where |, m, n are the direction cosines of normal to
the plane and d is the distance of the perpendicular drawn from the origin.

Therefore, the direction cosines are 0, 0, and 1 and the distance of the plane from the
origin is 2 units.

(b)x+yv+z=1..(1)

The direction ratios of normal are 1, 1, and 1.

AN () (1) =3

Dividing both sides of equation (1) by’ﬁ, we obtain
SR I B )
V33T BT o

This equation is of the form Ix + my + nz = d, where /, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

-

1 1
—.,—, and
Therefore, the direction cosines of the normal are ‘ﬁ \ﬁ 3 and the distance of

1

normal from the origin is \f?_’ units.
(c)2x+3y —z=5..(1)

The direction ratios of normal are 2, 3, and —1.

a2 +(3) +(-1) =14

Dividing both sides of equation (1) by Jﬁ, we obtain

2 3 1 5
ﬁ.t%ﬁy—ﬁz = ﬁ
This equation is of the form Ix + my + nz = d, where /, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

2 3 -1

, ——, and
Therefore, the direction cosines of the normal to the plane are Jﬁ V’E Jﬁ and
5

the distance of normal from the origin is “iﬁ units.
(dysy+8=0

=0x -5y +0z=8..(1)



The direction ratios of normal are 0, —5, and 0.

2AJ0+(=5) +0=5

Dividing both sides of equation (1) by 5, we obtain
8

-y ==

5
This equation is of the form Ix + my + nz = d, where [, m, n are the direction cosines of

normal to the plane and 4 is the distance of normal from the origin.
Therefore, the direction cosines of the normal to the plane are 0, —1, and 0 and the

8

distance of normal from the origin is S units.

Question 2:

Find the vector equation of a plane which is at a distance of 7 units from the origin and

normal to the vectorj'i +5) -6k .

Answer

The normal vector is, /1= 31 +5/ 6k

Al 345j-6k  3i+5)-6k
Al Jey +(5) w6 V70

It is known that the equation of the plane with position vector 7 is given by, 71 =d

::»P-[:h +5_;—6k]=?

J70

This is the vector equation of the required plane.

Question 3:

Find the Cartesian equation of the following planes:

- F.(E+j—£]=z(b} Fo(2i+3j-4k)=1

o r'-[[.v—2:}f+(3—.“]_3+{2.¢+.']£]=I5

Answer

(a) It is given that equation of the plane is
Foi+i-k)=2 (1)
For any arbitrary point P (x, y, z) on the plane, position vector F is given by,
F=xi +’|'} —:.(
Substituting the value of 7 in equation (1), we obtain
{xf+_1_‘f—zi.:)-(f+_}'—£;)=2
= x+ty—-z=2
This is the Cartesian equation of the plane.

oy (2+37-40) = -

For any arbitrary point P (x, y, z) on the plane, position vector 7 is given by,
Fe= J:f+,1;?—:!£
Substituting the value of Fin equation (1), we obtain

{xf+_-.;.;'+z.’;}-{2f +3_}'—41€}=]



= 2x+3y—4z=1

This is the Cartesian equation of the plane.

© H-[[s—Zf]f+(3—r)}+(Zs+r)i£:|=|5 (1)

For any arbitrary peint P (x, y, z) on the plane, position vector ¥ is given by,
F=xi+y-zk

Substituting the value of ¥ in equation (1), we obtain

(i +_1:'?—:1;}-[(.5'—2!];+(3—.'] j+(2s H’)ﬁ;] =15
=(s=2t)x+(3-1)y+(25+1)z=15

This is the Cartesian equation of the given plane.

Question 4:

In the following cases, find the coordinates of the foot of the perpendicular drawn from
the origin.

(a) 2x+3v+4z-12=0 (b) Jp+4z-6=10

(c) Xt¥+z= | (d) S5p+8=0

Answer

{a) Let the coordinates of the foot of perpendicular P from the origin to the plane be
(x1, Y1 23)-

2x+3y+4z-12=0

=2x+ 3y +4z=12 ... (1)

The direction ratios of normal are 2, 3, and 4.
(2 +(3) +(4) =29

Dividing both sides of equation (1) by ”’E . we obtain
2 3 4 12

NN T RN TR T
This equation is of the form Ix + my + nz = d, where /, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(ld, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

212 3012 4 12 . 24 36 48)
(b) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x,
Y1, Z1).
3y+4z-6=0

= ﬂ.t'+3_]-‘+4:‘=f)m (1)

The direction ratios of the normal are 0, 3, and 4.
SN0+ 447 =5

Dividing both sides of equation (1) by 5, we obtain
4]

(l'x+i v+iz=—
57 5

5
This equation is of the form Ix + my + nz = d, where [, m, n are the direction cosines of



normal to the plane and d Is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(/d, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

3
[U. —E iE] ie. [U E E}
5555 25 25

{c) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x,,
Y1, Z1).
X+y+z= l (1}

The direction ratios of the normal are 1, 1, and 1.
AP+ +1P =43

Dividing both sides of equation (1) by‘ﬁ, we obtain

| 1 1 1
E_'Hﬁ}wﬁ::E
This equation is of the form Ix + my + nz = d, where [, m, n are the direction cosines of
normal to the plane and 4 is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(ld, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

‘f’111111“ie[11|]
W33 3B JE"JEJ 333
{d) Let the coordinates of the foot of perpendicular P from the origin to the plane be (xy,

¥i, 21)'
Sy+8=0

=0x—-5¢y+0z=8..(1)

The direction ratios of the normal are 0, =5, and 0.

2 J0+(=5) +0=5

Dividing both sides of equation (1) by 5, we obtain

-y =§

This equation is of the form Ix + my + nz = d, where /, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by

(ld, md, nd).

Therefore, the coordinates of the foot of the perpendicular are
( 8 8

| 0, —1(—}, 0] Le. [O. -— OJ.

\ 5 5

Question 5:

Find the vector and Cartesian equation of the planes

(a) that passes through the point (1, 0, —2) and the normal to the plane is i+j—k .

(b) that passes through the point (1, 4, ) and the normal vector to the plane is

i—2i+k



Answer
(a) The position vector of point (1, 0, —2) is a=i-2k

- YR
The normal vector N perpendicular to the plane is N=i+j-k

The vector equation of the plane is given by, {r _u]'N =0

:[;-'—[f—zi)].(hj—i)ﬂ (1)

Fis the position vector of any point P (x, y, 2) in the plane.
LF=xi+ 1,: +zk
Therefore, equation (1) becomes
[(1; +};}+:};} -{f —2£)](:+}-£] =0
= [(x—l}f+,1f+{:+2}J;J.(f+j‘—iz)= 0
=>(x-1)+y—(z+2)=0
= x+y—z-3=0
= x4+y—z=3
This is the Cartesian equation of the required plane.

(b) The position vector of the peoint (1, 4, &) is a=i+4j+6k

- LT e
The normal vector V perpendicular to the plane is N=i-2j+k

The vector equation of the plane is given by, (F-a).N=0

::»[r'—(f+4}+ﬁﬁ:]].(f—2j+k-]=[] (1)

Fis the position vector of any point P (x, ¥, 2) in the plane.
r =.r.-°+,1;?+:.";

Therefore, equation (1) becomes

[(xf+},_-?+ :f)-(f+4_}+6£)].(F—2_;+£}=ﬂ

=[(x=1)i +(v=4) j+(z-6)k]-(I-2]+k)=0

=(x=1)-2(y-4)+(z-6)=0

=x=-2y+z+1=0

This is the Cartesian equation of the required plane.

Question 6:
Find the equations of the planes that passes through three points.
(a) (1,1, -1), (6, 4, —5), (-4, -2, 3)
(b) (1,1, 0), (1,2, 1), (-2, 2, -1)
Answer

{a) The given points are A (1, 1, -1}, B (6, 4, —=5), and C (-4, —

I -1
6 4 —5=(12-10)-(18-20)~(-12+16)
4 2 3

2+2-4
=0

Since A, B, C are collinear points, there will be infinite number of planes passing through

the given points.

fhY Tha Aaivan rainte are A F1 1 A 201 2 1Y and c 2 2



AR IS LIVl LD al S ML, L, Wy L Ly oy L, QI e | e £y L.

1
—2

2)-(2+2)=-8=0

=k =
Il
I
[*]
I

Therefore, a plane will pass through the points A, B, and C.

(X 30:2))s (-"2-}':“7:}

It is known that the equation of the plane through the points, , and

[-‘r."s-'-'s}: is

x—x, Y-y -z

X=X Vi—¥ Z;—g|=0

e A T
x=1 y-1 =z

= 0 I 1 |=0
-3 1 -l

=(=2)(x=1)-3(y-1)+3z=0
= -2x-3v+3z+2+3=0

= 2x—-3y+3z=-5
=>2x+3y-3z=5

This is the Cartesian equation of the required plane.

Question 7:

g B PR p—
Find the intercepts cut off by the plane 2x+y-z=5
Answer
2x+y-z=5 (1)

Dividing both sides of equation (1) by 5, we obtain

v
—xXx4+=——=]
5 5 5

X oy =z
= —+—+—=1 -2

55 -5 ( )

2

£+£+£ =]

It is known that the equation of a plane in intercept form is @ b e ., where a, b, c

are the intercepts cut off by the plane at x, y, and z axes respectively.

Therefare, for the given equation,

a=§.b=5. and c=-5

5
=, 5,and -5
Thus, the intercepts cut off by the plane are

Question 8:

Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX plane.
Answer

The equation of the plane ZOX is

y=0

Any plane parallel to it is of the form, y = a

Since the y-intercept of the plane is 3,



Thus, the equation of the required plane is y = 3

Question 9:

Find the equation of the plane through the intersection of the planes
Ix—y+22-4=0 54 x+y+2-2=0,4 the point (2, 2, 1)

Answer

The equation of any plane through the intersection of the planes,
Ix—y+2z-4=0andx+y+z-2=0,1is

(3x-y+2z-4)+a(x+y+:-2)=0, where x € R (1)

The plane passes through the point (2, 2, 1). Therefaore, this point will satisfy equation
(1).

.'.(3x2—2+2x|—4}+a'{2+2 +I—2]=(}

= 2+3a=0
2
= a=-
. ]
2
t’z =
Substituting 3in equation (1), we obtain

2
{3.:.'—}-'+2:—4]—§(.r+,1-'+:—2}=0
=3(3x-y+2z-4)-2(x+y+z-2)=0
= (9x-3y+62-12)-2(x+y+2z-2)=0
= Tx-5y+4z-8=0

This is the required equation of the plane.

Question 10:

Find the vector equation of the plane passing through the intersection of the planes

F-(zf+2j'—3k')=1 F.['zf+5j+3£)=9
: and through the point (2, 1, 3)

Answer

Fo(2i+2j-3k)=7and 7 -(:I+5}+3£) =9
The equations of the planes are

= (20 +2j-3k)-7=0 (1)

Fo(2i+5]+3k)-9=0 (2)

The equation of any plane through the intersection of the planes given in equations (1)
and (2) is given by,

[f—[:i + 2_}'—3;2}—?}+2[r' -(2f+5}+3£)—u] =0 AR
r‘-[[zf + 2}—3£)+,1(1}+5}+3£)}= 921+7

Fo[(2+24) +(2+54) j+(32-3)k |=92+7 -(3)

The plane passes through the point (2, 1, 3). Therefore, its position vector is given by,
F=21+2]+3k

Substituting in equation (3), we obtain

(2 +7-3k)[(2+22)7 +(2452) [ +(32-3)k |=92+7

=242V +(2+5A0+(34-3V=94+7



= 184i-3=94+7

=094=10
= A 10
9
0
‘l{ :1_
Substituting 9 in equation (3), we obtain
F-[Ef+ﬁ}+if]=l?
9 9

:f—(3sf+ﬁs}+3£)=|53

This is the vector equation of the required plane.

Question 11:
Find the equation of the plane through the line of intersection of the planes
x=y+z=0

xty+z=lang 2v+3y+42 =5 uhich is perpendicular to the plane

Answer

The equation of the plane through the intersection of the planes, X+y+z=l and

2x+3y+4z=5
(x+y+z=1)+A(2x+3y+4z-5)=0
=S(24+1)x+(32+1)y+(42+1)z-(54+1)=0 (1)

The direction ratios, a,, by, ¢y, of this plane are (2A + 1), (3A + 1), and (4A + 1).

The plane in equation (1) is perpendicular to x—y+z=0

Its direction ratios, as, b, ¢z, are 1, —1, and 1.
Since the planes are perpendicular,

aa, +bb,+ce, =0
=(24+1)=(34+1)+(44+1)=0

=34+1=0

::uI=-l
3

a=-1

Substituting 3in equation (1), we obtain
1 1 2

—X==2z+==0

I 3 3
=x-z+2=0

This is the required equation of the plane.

Question 12:
Find the angle between the planes whose vector equations are

F-(zf+2j—3£]=5 F-{3:’-3}+5£]=3

and
Answer

Fo2i+2j-3k)=5  F(3i-3j+5k)=3
The equations of the given planes are and

It is known that if " and "3are normal to the planes, Fei=d =d

tand "™ 2, then the

angle between them, Q, is given by,

1+ 1y

cosQ = (1)

|”]| ||’j:|



Here, = 2‘?+2..;'_3£ and n, =3 _3_;—+5§

ooy = (2042 - 3k)(31 3] +5k) = 2.3+ 2.(-3)+(-3) 5=-15
i, =J{2):+(2): +{—3}: =J17

i = 3) +(3) +(5)" =33

ii, |fi|and

m,

Substituting the value of”

-15
V743

= cos( =

31
=cosQ' =[%]

in equation (1), we obtain

cosQ =

_

Question 13:
In the following cases, determine whether the given planes are parallel or perpendicular,
and in case they are neither, find the angles between them.

(a) Tx+35y+62+30=0and 3x—y-10z+4=0

(b) 2x+y+3z-2=0and x-2y+5=0

() 2x=2y+4z+5=0and 3x-3y+6z—-1=0
(d) 2x—y+3z—1=0and 2x— y+324+3=0
(e) dx+8y+z—-8=0and y+z-4=0
Answer

L:ax+hy+cz=0

The direction ratios of normal to the plane, , are ay, by, cy and

L, :ax+by+c,z=0are a,, b, ¢,

f,,||f4.ifﬂ=ﬁ=ﬂ
T ooa, b e
L LL, il aa,+bb, +cc,=0

The angle between Ly and Lz is given by,

-1 aa. +b|b: +C\0,
Ju,’ +b7 +cl \Jal +b] +¢l

{a) The equations of the planes are 7x + 5y + 6z + 30 = 0 and
3x—y—-10z+4=0

Here.a: =7.b. =5.c: =6

a,=3,b,=-1c,=-10

(= cos

aa, +bb, +ce, =Tx3+5x(=1)+6x(-10)=—4420

Therefore, the given planes are not perpendicular.

a _1h_5__s46_6_3
a 3b, -1 e, -10 5
4. b a

It can be seen that,
Therefore, the given planes are not parallel.

The angle between them is given by,

I - A& .= & 4% s i anh



0 = cos™ IX3+dX(—1)+0x|~1U)
JY +(5) +(6) x\J(3) +(~1) +(-10)’
= cos™ 21-5-60
N0 =4J110
L 44
=C0§ ——
110
a2
5

(b) The equations of the planes are 2X+V+

a=2b=l¢=3_ ,a

Laa, +bb, e, =2x141x(-2)+3x0=0

Here,

32-2=0,,q Xx—-2v+5=0

, =1, by =-2,c,=0

Thus, the given planes are perpendicular to each other.

(€) The equations of the given planes are =% 2V +42+5=0,4 3x=3y+62-1=0

a=2,b-2,¢c,=4

Here, and

a,=3,b,=-3,c,=6 aa,+bb,+cc, =2x3+(-2)(-3)+4x6=6+6+24=36#0

Thus, the given planes are not perpendicular
a 2 b =2 E ndi 4 2

_—i—_—= a = e— T —
a, 3’b, 3 3 ¢ 6 3
a _b _¢
a, b, ¢

to each other.

Thus, the given planes are parallel to each other.

(d) The equations of the planes are 2x=y+32-1=0 4,4 2x-y+32+3=0

a,=2,b=-lc =3 5

Here, nd
@ _2_ b _ 1 g G232
a, 2 b -l ¢, 3
a_b_a

a b q

Thus, the given lines are parallel to each othe

{e) The equations of the given planes are 4x

Here,

ad, +bb, +ec, =4x0+8x1+1=9=0

a, =2, b, =-1,¢,=3

r.

+8y+z-8=0_, y+z-4=0

a|=4,65=8,f|=]and a,=0,b,=1¢,=1

Therefore, the given lines are not perpendicular to each other.

a_3h_ 8 g a1,
a, 0 b, 1 e 1

Therefore, the given lines are not parallel to e

The angle between the planes is given by,

: dx0+8x1+1x1

VE+8 1 O 12 412
Question 14:

)= cos

-

— cos! |2 _..-Jq
cos .‘Jxﬁ‘ cos [ﬁ

ach other.

=45°

In the following cases, find the distance of each of the given points from the

corresponding given plane.

Point Plane



(a} (0; 0' 0} 3.1‘_4‘1."']22 =3

l:b‘) (3‘ -2, 1} 2.T—'1'+2: +3=0

(C) [:2, 3' _5) x+2l“_2:=q

(d) (_6JI D, 0} 2.'(‘_3_';‘4'6:_2:“
Answer

It is known that the distance between a point, p(xy, ¥4, Z;), and a plane, Ax + By + Cz =
D, is given by,

Ax, + By, +Cz, - D|

{ =
‘ VA + B +(? |

(1)

{a) The given point is (0, 0, 0) and the plane is Ix—-4y+12z=3

d_3><ll—4x0+12x[l—3‘_ 3 3

_J(3]’+{—4)’+(12):‘ Vieo 13

{b) The given peoint is (3, — 2, 1) and the plane is 2x-y+2:+3=0

d= 2x3—[—2]+2x1+3|_|£‘_£
| 3

J@F (1) +(2) 3

{c) The given pointis (2, 3, —=5) and the plane is x+2y-22=9

3+2x3—2{—5)—9|=
Joy +2y +(-2) |

(d) The given point is (=6, 0, 0) and the plane is =X ~3y+62-2=0

’_,
3

|2(-6)=3x0+6x0-2| |-14| 14

ey | Va7

Miscellaneous Solutions

d

Question 1:

Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the line
determined by the points (3, 5, —1), (4, 3, —1).

Answer

Let OA be the line joining the origin, O (0, 0, 0), and the point, A (2, 1, 1).

Also, let BC be the line joining the points, B (3, 5, —1) and C (4, 3, —1).

The direction ratios of OA are 2, 1, and 1 andof BCare (4 — 3) =1, (3 - 5) = -2, and
(-1+1)=0

OA is perpendicular to BC, if @18 + bib + cyc; = 0

aayd bbb+, =2x14+1(-2)+41x0=2-2=20

Thus, OA is perpendicular to BC.

Question 2:

If 1, M1, ny and 2, ma, N2 are the direction cosines of two mutually perpendicular lines,



show that the direction cosines of the line perpendicular to both of these are myn; —
Mang, Nz — Naly, lima — lmy.

Answer

It is given that /y, my, ny and f, ma, nz are the direction cosines of two mutually

perpendicular lines. Therefore,

L4+ mm, +nn, =0 A1)
Fem +n =1 -(2)
I +m; +n =1 .(3)

Let /, m, n be the direction cosines of the line which is perpendicular to the line with

direction cosines fy, mq, ny and la, ma, ns.
A+ mmy+ g = 0
I, +mm, +nn, =0

/ om n

mun, —mn, nl,—-nd L, —=Lm,

] > o]

/ B m . "
(mo, =mon) (mds=nd))  (hms=Lm,)’
f'.' B ”r: - rr:
(mn, —mn)  (ndy=nd)  (hm—tm,)
Fam +n
= (4)

(mn, —mm ) +(ndy =m0 +(lm, —Lm,)

{, m, n are the direction cosines of the line.

Prmrent=1. (5

It is known that,
(77 +mi +nP )8 +mi 3 )= (L1 + mm, +mn, )

=(mny —mn ) +(ndy =) +(4my —Lm,)’
From (1), (2).and(3). we obtain

= L1=0=(mn, +m.n, ]: +(ml, = nyl, ) +(hm, =1lm, ]"

. (mny —myn, ) +(mly =l ) +(hmy —Lmy) =1 ..(6)

Substituting the values from equations (5) and (&) in equation (4), we obtain
I’ B m _ n _
(mp,=mpn ) (nd,=ml)  ({m,~Lm, )

=I=mn,-=mn.m=nl,-nl . n=Im, ~1Lm,

1

Thus, the direction cosines of the required line are "2 ~ M2 mly =l andfm, —Lm,.

Question 3:

Find the angle between the lines whose direction ratios area, b, cand b — ¢,
c—a,a—b.

Answer

The angle Q between the lines with direction cosines, a, b, cand b — ¢, c — a,



a — b, s given by,

a(b-c)+b(c-a)+c(a-b) ‘

cos() = - = =
va' +b +¢ +J[h—c-]' +(c—a) +(a-b) ‘
= cos(=10

= =cos ' 0
= =90°

Thus, the angle between the lines is 90°.

Question 4:

Find the equation of a line parallel to x-axis and passing through the origin.

Answer

The line parallel to x-axis and passing through the origin is x-axis itself.

Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), where
3 e R.

Direction ratios of OAare (a - 0) =4, 0,0

The equation of OA is given by,

x-0 y-0 z-0

a 0 0
X ¥y z
—e—m—=m ==
10 0
Thus, the equation of line parallel to x-axis and passing through origin is
LA
1 0 0

Question 5:

If the coordinates of the points A, B, C, D be (1, 2, 3), (4,5, 7), (-4, 3, —6) and (2, 9,
2) respectively, then find the angle between the lines AB and CD.

Answer

The coordinates of A, B, C, and D are (1, 2, 3), (4, 5, 7), (—4, 3, —6), and

(2, 9, 2) respectively.

The direction ratiosof ABare (4 - 1)=3,(5-2)=3,and (v - 3) =4

The direction ratios of CD are (2 —(—4))=6,(9—-3)=6,and (2 -(-6)) =8

a_

h_qa

1
v 2
It can be seen that, @ % @ 2

Therefore, AB is parallel to CD.
Thus, the angle between AB and CD is either 0° or 180°.

sQuestion 6:

x-1_y-2 z-3 x-1_y-1_z-6
If the lines —3 2% 2 and 3k R are perpendicular, find the value
of k.
Answer
x=1 y=2 =z=3 v=1 y=1 z-6

The direction of ratios of the lines, -3 2k 2 and 3 I -5 ,are —3,
2k, 2 and 3k, 1, -5 respectively.

It is known that two lines with direction ratios, a4, by, ¢y and as, ba, ¢z, are
perpendicular, if a8, + byb, + cyc, = 0

S=3(3k)+ 2k x142(-5)=0

=9k +2k-10=0



= Tk=-10

:k=—]{l

k=-20

Therefaore, for 7 , the given lines are perpendicular to each other.

Question 7:

Find the vector equation of the plane passing through (1, 2, 3) and perpendicular to the

planef~(f+2j—5£)+9=u

Answer

The position vector of the point (1, 2, 3) is R=i+2j+3k

r--(;’+2j—512)+9=n

The direction ratios of the normal to the plane, ,are 1, 2, and -5

and the normal vector is N=i+2j-5k

The equation of a line passing through a point and perpendicular to the given plane is

given by, l =F+AN, AR

=>f=[f7+2_f+3£)+i(f+2_}—5§]

Question 8:

Find the equation of the plane passing through (a, b, c) and parallel to the plane
F-(f+j+1;) =2
Answer

I [: +j+ k] =2
Any plane parallel to the plane,

F-{f+j‘+£)=i (1)

, 15 of the form

The plane passes through the point (a, b, c). Therefore, the position vector ¥ of this
point is F=ai+bj+ ck

Therefore, equation (1) becomes

{af+;‘;}'+d;}-(f +;+I:] =1

= a+bh+ec=4

Substituting 4 =@+b+¢in equation (1), we obtain
F-(f+}+.§)=a+h+c .(2)

This is the vector equation of the required plane.

-

Substituting /= ¥t/ + 2K in equation (2), we obtain
[xf+_15?+:§:|u[f+j+§)=u+b +e

=S x+y+z=a+b+e

Question 9:

F=6i+2]+2k+A(i -2j+2k)
Find the shortest distance between lines ’

F =_4f—£+;:(3f—3,,}_2k‘)



arnu
Answer

The given lines are

F=6f+2j+2£+f:[f—2j+2;}] (1)

F=—4i —k+ (31 -2]-2k) -(2)

It is known that the shortest distance between two lines, r=a +'H]' and " 7" +’2"63, is
given by

d= (bl x"’?)‘(d: —a-|)|

FE] | ~(3)

Comparing "~ % *Ab and ¥ =a, + Ab

d, =6i +2]+2k
5, =f—2}'+2!€
G, =4 -k
by=3i-2j-2k

“to equations (1) and (2), we obtain

= diy —di, = (41 —k) (6] +2] + 2k) = -107 - 2] - 3k
i ok
2

=bxb,= -2 =(4+4)i —(-2-6) j+(-2+6)k =8 +8) + 4k
2 -2

|
o] Box by = \(8) +(8) +(4) =12

(8% B,)-(@. ~a)=(8i +8] + 4k)-(~10i ~2j - 3k) =80 16~ 12 =~108
Substituting all the values in equation (1), we obtain

-108
12

Therefore, the shortest distance between the two given lines is 9 units.

d: =10

Question 10:

Find the coordinates of the point where the line through (5, 1, 6) and
(3, 4, 1) crosses the YZ-plane

Answer

It is known that the equation of the line passing through the points, (x1, y1. 21) and (xz,

X=X — Y=W _ -

X, — X,
Va2, Z2),is 72 71

The line passing through the points, (5, 1, &) and (3, 4, 1), is given by,
x-5 y-1_ z-6
3-5 4-1 1-6
x=5 y-1 z-6
= == = = k(say
S 75 T k)
= x=5-2k, y=3k+1,z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).

Yi=h &3

The equation of YZ-plane is x = 0
Since the line passes through YZ-plane,
5-2k=10

o, 5



= K=—

2

q
::»3.‘(+1=_‘~';:«:'—+I=E

2
65k =6-5x> = 13

2 2

=

Therefore, the required point is 2 2

Question 11:

Find the coordinates of the point where the line through (5, 1, 6) and

(3, 4, 1) crosses the ZX — plane.

Answer

It is known that the equation of the line passing through the points, (x1, y1, z1) and (xz,

X=X _y=¥ _ Z-Z

Yo Zp), is X2~ % V2= 573

The line passing through the points, (5, 1, €) and (3, 4, 1), is given by,
x-5 y-1_ z-6
3-5 4-1 1-6
x=5 y=-1 z-6
= == = = k(sa
-2 3 =5 ( )
=x=5-2k, y=3k+1,z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).

Since the line passes through ZX-plane,
3k+1=0

::nfc=—l

(202)
Therefore, the required point is 3 3

Question 12:

Find the coordinates of the point where the line through (3, —4, -5) and (2, — 3, 1)
crosses the plane 2x + y + z = 7).

Answer

It is known that the equation of the line through the points, (x1, v1, z1) and (xa, y2, Z2), is

X=X, _y-y _ zI-Z

X=X W=y I,-I
Since the line passes through the points, (3, —4, —5) and (2, —3, 1), its equation is
given by,

x-3 y+4 z+35
2-3 -3+4 1+5
x-3 y+4 z+5
-1 1 6
=xy=3-k, y=k-4, z=6k-5

~ k(say)

U

Therefore, any point on the line is of the form (3 — k, k — 4, 6k — 5).
This point lies on the plane, 2x + y +z =7



LL|lS—K) T IK—4)+ (bK— 5) =/

=5k-3=7

= k=2

Hence, the coordinates of the required pointare (3 — 2,2 - 4,6 x 2 — 5} i.e.,
(1, -2, 7).

Question 13:

Find the equation of the plane passing through the point (-1, 3, 2) and perpendicular to
each of the planesx + 2y + 3z=5and 3x + 3y + z = 0.

Answer

The equation of the plane passing through the point (-1, 3, 2) is
ax+1)+b(y—-3)4+c(z—-2)=0..(1)

where, a, b, c are the direction ratios of normal to the plane.

ax+byv+ecz+d =0 a,x+by+c,z+d, =0

It is known that two planes, and , are

perpendicular, if %19 +bb, +cc, =0

Plane (1) is perpendicular to the plane, x + 2y + 32 =5
sal+h24¢-3=0
=a+2b+3c=0 -(2)

Also, plane (1) is perpendicular to the plane, 3x + 3y + z=0
Sad+h 34 l=0

=3a+3b+c=0 (3)
From equations (2) and (3), we obtain
a B b _ c
2x1-3x3 3x3-1xl Ix3-2x3
::.(—J=E=i=k[sa}-')
-7 & -3

:}ulz—'.-;;"c,b;Sk, c==3k

Substituting the values of a, b, and ¢ in equation (1), we obtain
~Th(x+1)+8k(y~3)-3k(z~2)=0

= (=Tx=7)+(8y-24)-3246=0

= =Tx+8y=3z-25=0

= Tx-8y+3z+25=0

This is the required equation of the plane.

Question 14:

If the points (1, 1, p) and (-3, 0, 1) be equidistant from the plane

F-(3;’+4,}'—12£)+13= 0
, then find the value of p.

Answer

The position vector through the point (1, 1, p) is a=i+j+pk

Similarly, the position vector through the point (-3, 0, 1) is

a, =-4i +k

F-(sf+4j'—12£)+13=u
The equation of the given plane is

It is known that the perpendicular distance between a point whose position vector is

a-N-d
D="—=—



= TN = N
Zand the plane, F-N _J'is given by, | |
Herel_ﬁ,’:af+4j—|2k and d=—13

Therefore, the distance between the point (1, 1, p) and the given plane is

|(f+j+p£)-(3f+4}-]2f)+13|

b= i +4j-124]

- B+4-12p+13
P a2y

|20-12p)|
== (1
13 (1)

Similarly, the distance between the point (-3, 0, 1) and the given plane is

=D

(—3f+£:)-[3f+4_f-]2§)+l3‘

p.-|

‘3£+4_}‘—12£
-9-12+13,
=>D:= S
J¥+4 4 (-12)
=D, =5 (2)
13

It is given that the distance between the required plane and the points, (1, 1, p) and

(=3, 0, 1), is equal.

Dl = Dg
:|20—12;J|= 8
13 13

= 20-12p=8or —(20—[2p)=8
=12p=120r12p=128

7
= p=lor p=3

Question 15:

Find the equation of the plane passing through the line of intersection of the planes

Folij+k)=1  F(2i+3j-k)+4=0
and and parallel to x-axis.

Answer

The given planes are

r'-(f+_}'+f)=l

:F-[f+_}+;€)-1=n

Fo(2i+3j-k)+4=0

The equation of any plane passing through the line of intersection of these planes is
[r"-(.-:+j+a{:)—lj|+r1[r'-(1f+3j—£)+4:|=0

Fo(2A+1)i+(32+1) j+(1-2)k [+ (42 +1)=0 (1)

Its direction ratios are (2A + 1), (3A + 1), and (1 — A).

The required plane is parallel to x-axis. Therefore, its normal is perpendicular to x-axis.



The direction ratios of x-axis are 1, 0, and 0.
SL(2A41)+0(34+1)+0(1-2)=0
= 2A+1=0
= A =—l
2

. |

4 i —
Substituting 2in equation (1), we obtain

. - 3,
:‘:-r-{—E_;+Ek:|+(—3:|=U
=7(j-3k)+6=0

Therefore, its Cartesian equationisy — 3z + 6 =10

This is the equation of the required plane.

Question 16:

If O be the origin and the coordinates of P be (1, 2, —3), then find the equation of the
plane passing through P and perpendicular to OP.

Answer

The coordinates of the points, O and P, are (0, 0, 0) and (1, 2, —3) respectively.
Therefore, the direction ratios of OPare (1 - 0)=1,(2-0)=2,and (-3 -0) = -3
It is known that the equation of the plane passing through the point (x4, vy 2;) is

a(r—xlj+h{}-—yl HF(:_:') - where, a, b, and ¢ are the direction ratios of normal.

Here, the direction ratios of normal are 1, 2, and —3 and the point P is (1, 2, —3).
Thus, the equation of the required plane is

I(x=1)+2(y-2)-3(z+3)=0

= x+2y-3z-14=0

Question 17:

Find the equation of the plane which contains the line of intersection of the planes

Fo(i+2j+3k)-4=0 F-(20+]-k)+5=0
. and which is perpendicular to the plane

r‘-[55+3}—ﬁ£)+8=0

Answer

The equations of the given planes are

Fo(i+2j+3k)-4=0 (1)

f.(2£+}—;2)+5=0 -(2)

The equation of the plane passing through the line intersection of the plane given in
equation (1) and equation (2) is

[r’-[f+2j‘+3§)—4}+&[i-’ -(2f+j—£)+5} -0

Fl(2a+1)i+(242)j+(3-2)k |+(52-4)=0 .(3)

F-[Sf "'3.} —6f)+8 =0
The plane in equation (3) is perpendicular to the plane,
~L5(24+1)+3(4 +2)—6(3—i) =0
=194A-T7=0
7

= A=—
19



. !
A=—
Substituting 19 in equation (3), we obtain

|33 45 50 - |41
= F| i+ j+—k =0
19 19 19 19
= F+(33] + 45+ 50k)-41=0 ~(4)
This is the vector equation of the required plane.

The Cartesian equation of this plane can be obtained by substituting © n

equation (3).
{xf+_1_f+ :&)-[33? +45]+50k)-41=0

= 33x+45y+50z-41=0

Question 18:

Find the distance of the point (-1, —5, —10) from the point of intersection of the line

F=2i-j+2k+A(30i +4]+2k) Fi-j+k)=5

and the plane
Answer

The equation of the given line is
F~=2f—_f+’.‘£-'+zt(3f+4_,?+2.l:] (1)
The equation of the given plane is
Fli-j+k)=3 .(2)
Substituting the value of ¥ from equation (1) in equation (2), we obtain
[25-j+2£+.»:(3€+4_}+2£)](f—}+£]= 5
=[(34+2)i +(42-1) j+ (22+2)k |- +k)=5
= {32+2]—(4i—l]+(2;’. +2}= 5
= A=0
Substituting this value in equation (1), we obtain the equation of the line as
F=2i-j+2k
This means that the position vector of the point of intersection of the line and the plane
is F=2i—J+2k

This shows that the point of intersection of the given line and plane is given by the

coordinates, (2, —1, 2). The point is (-1, —5, —10).
The distance d between the points, (2, —1, 2} and (-1, -5, —10), is

d=\(~1-2) +(=5+1) +(~10-2) =\O+16+144 =169 =13

Question 19:
Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes

F=[E—j+2;})=5 F-{3£+j+;€)=6

and
Answer
Let the required line be parallel to vector b given by,

b=bi+b,j+bk

The position vector of the point (1, 2, 3} is a=i+2j+3k



The equation of line passing through (1, 2, 3) and parallel to bis given by,
F=d+Ab

=7 ({2 43k)+ A(bi +b,j + bik) (1)
The equations of the given planes are

Fo(i-Jj+2k)=5 w(2Z)
Fo(3i+ j4k)=6 -(3)

The line in equation (1) and plane in equation (2} are parallel. Therefore, the normal to

the plane of equation (2) and the given line are perpendicular.
= (f—j +2£)-,i(blf +f::_}'+h1£-)= 0

=> A(b, ~b, +2b,)=0

= b —b, +2b, =0 ~(4)
Similarly, (37 + j+k)- A(bi +b,j +bk)=0

= A(3b, +b,+5,)=0

=3h+b,+b, =0 [5)
From equations (4) and (5), we obtain
b, _ b, B b,
(=1)xI=1x2 2x3-1x1 IxI-3(-1)
b, b, b,
—_——=——=——
-3 5 4

Therefore, the direction ratios of b are —3, 5, and 4.

.‘.:';=h]f+hz_,;'+h_,.l:=-3f+5j+4;{'

Substituting the value of bin equation (1), we obtain
F=(i+2]+3k)+ A (=30 +5] +4k)

This is the equation of the required line.

Question 20:
Find the vector equation of the line passing through the point (1, 2, — 4) and

_\'—8_,r+19_:—10ﬂ"d x=15 y=-29 =z-5
perpendicular to the two lines: 3 -16 7 3 8 -5

Answer

Let the required line be parallel to the vector b given by, b=bi+b,j+bk

The position vector of the point (1, 2, — 4) is a=i+2j-4k

The equation of the line passing through (1, 2, —4) and parallel to vector bis
F=d+Ab
=7 ({427 -4k)+ 2(bi +b,] +bk) (1)

The equations of the lines are
x—8 y+19 =z-10

= 2
3 -16 7 (2)
x=15 y-29 z-5

3 8 -5 ~(3)

Line (1) and line (2) are perpendicular to each other.

- L - -~ £ oak



3D — 10D, + [, = U . #)

Also, line (1) and line (3) are perpendicular to each other.

2.3b, +8b, —5b, =0 -(5)
From equations (4) and (5), we obtain
'h] _ h: — h_‘

{—lﬁ]{—S}—Sx? Tx3—3(—5} 3x8—3{—16}
b _b_b

24 36 72

b b5 _b

2 3 6

~Direction ratios of b are 2, 3, and 6.

.'.5=2f+3}+6£

b=2i+3]+6k

Substituting in equation (1), we obtain

F=[f+2j-4£]+,a(2f+3j+w€]
This is the equation of the required line.

Question 21:

Prove that if a plane has the intercepts a, b, c and is at a distance of P units from the
] 1 1 1

— t3t+t5=

origin, then 9 b> ¢ p

]

Answer

The equation of a plane having intercepts a, b, c with x, y, and z axes respectively is
given by,

x y =z

Tidiog (1)

a b ¢

The distance (p) of the plane from the origin is given by,

Question 22:

2 ; 7= =
Distance between the two planes: 2x+3y+4z 4and 4x+6y+8z Izis

(A)2 units (B)4 units (C)8 units

2 .
—==units
(D) J29

[



ANswer

The equations of the planes are

2x+3y+4z=4 (1)
dx+6y+8z=12
= 2x+3y+4z= -(2)

It can be seen that the given planes are parallel.
It is known that the distance between two parallel planes, ax + by + cz = dy and ax + by

+ cz = da, is given by,

D= d.‘_dl
Ilﬂz+b:+[,':

= D=|
(2) +(3) +(4)
2

9

2
Thus, the distance between the lines is V29 units.

Hence, the correct answer is D.

Question 23:
The planes: 2x — ¥y + 4z = 5 and 5x — 2.5y + 10z = € are
(A) Perpendicular (B) Parallel (C) intersect y-axis

(003)
(C) passes through 4

Answer

The equations of the planes are
2x—y+4z=5..(1)

Ex — 2.5y + 10z =6 .. (2)

It can be seen that,

a 2

a, 5

b -1 2

b, 25 5
e 4 2

e, 10 5
a_b _¢
I_b_,_c.

Therefore, the given planes are parallel.
Hence, the correct answer is B.



