Question 1:

Determine whether each of the following relations are reflexive, symmetric and
transitive:

(i)Relation R in the set A = {1, 2, 3..13, 14} defined as
R={(x, y): 3x -y = 0}

(ii) Relation R in the set N of natural numbers defined as
R=4(x,v):y=x+5and x < 4}

(iii) Relation RinthesetA=41,2,3,4,5, 06} as

R = {(x, v): v is divisible by x}

(iv) Relation R in the set Z of all integers defined as

R ={(x, v): x — yis as integer}

(v) Relation R in the set A of human beings in a town at a particular time given by
(a) R = {(x, v): x and v work at the same place}

(b) R = {(x, y¥): x and y live in the same locality}

(c) R = {(x, y¥): x is exactly 7 cm taller than y}

(d) R = {(x, y¥): xis wife of y}

(e) R = {(x, v): xis father of y}

Answer

(iYA=141,2,3..13, 14}

R={(x, ¥): 3x — y = 0}

~R={(1, 3), (2,6),(3,9), (4, 12)}

R is not reflexive since (1, 1), (2, 2) ... (14, 14) ¢ R.

Also, R is not symmetric as (1, 3) eR, but (3, 1) & R. [3(3) — 1 = 0]
Also, R is not transitive as (1, 3), (3, 9) €R, but (1, 9) ¢ R.
[3(1) — 9 = 0]

Hence, R is neither reflexive, nor symmetric, nor transitive.
(iJR={(x, yv):y=x+5andx <4} = {(1, 6), (2,7), (3, 8)}
It is seen that (1, 1) € R.

~R is not reflexive.

(1, 6) eR

But,

(1, 6) & R.

=R is not symmetric.

Mow, since there is no pair in R such that (x, v) and (y, z) €R, then (x, z) cannot belong
to R.

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.
(iVA=1{1,2,3,4,5,6}

R = {(x, v): v is divisible by x}

We know that any number (x) is divisible by itself.

= (x, x) €R

~R is reflexive.

Mow,

(2, 4) €R [as 4 is divisible by 2]

But,

(4, 2) ¢ R. [as 2 is not divisible by 4]
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Let (x, v), (v, 2) € R. Then, y is divisible by x and z is divisible by y.
=z is divisible by x.

= (x, 2) ER

~R is transitive.

Hence, R is reflexive and transitive but not symmetric.

(iv) R = {(x, ¥): x — v is an integer}

Mow, for every x € Z, (x, x) €R as x — x = 0 is an integer.
~R is reflexive.

Mow, for every x, v € Zif (x, v) € R, then x — y is an integer.
= —(x — y) is alsa an integer.

= (y — x) is an integer.

~(y,x)eR

~R is symmetric.

Now,

Let (x, ¥) and (v, z) €R, where x, v, z € Z.

= (x — y) and (y — z) are integers.

=>x—z=(x—y)+ (y — z)is an integer.

~(x, z) eER

~R is transitive.

Hence, R is reflexive, symmetric, and transitive.

(v) (a) R = {(x, v): x and y work at the same place}

—(x, x)eR

~ R is reflexive.

If (x, y) € R, then x and y work at the same place.

= y and x work at the same place.

= (y, x) € R.

~R is symmetric.

Mow, let (x, v), (v, 2) ER

= x and y work at the same place and y and z work at the same place.
= x and z work at the same place.

= (x, 2) ER

~ R is transitive.

Hence, R is reflexive, symmetric, and transitive.

(b) R = {(x, v): x and y live in the same locality}

Clearly (x, x) € R as x and x is the same human being.

~ R is reflexive.

If (x, y) €R, then x and y live in the same locality.

= y and x live in the same locality.

= (y,x)eER

=R is symmetric.

Mow, let (x, y) e R and (v, z) € R.

= x and y live in the same locality and y and z live in the same locality.
= x and z live in the same locality.

= (x, z)ER

~ Ris transitive.

Hence, R is reflexive, symmetric, and transitive.



(c) R = {(x, v): x is exactly 7 cm taller than y}
Now,
(x, x) € R
Since human being x cannot be taller than himself.
~R is not reflexive.
Now, let (x, y) €R.
= x is exactly 7 cm taller than y.
Then, v is not taller than x.
~ (y, x) €R
Indeed if x is exactly 7 cm taller than y, then y is exactly 7 cm shorter than x.
=R is not symmetric.
Now,
Let (x, v), (v, 2) € R.
= x is exactly 7 cm taller than y and y is exactly 7 cm taller than z.
= x is exactly 14 cm taller than z .
~(x, z) €R
~ R is not transitive.
Hence, R is neither reflexive, nor symmetric, nor transitive.
(d) R = {(x, v): xis the wife of y}
Mow,
(x, x) &R
Since x cannot be the wife of herself.
~R is not reflexive.
Mow, let (x, v) e R
= x is the wife of y.
Clearly y is not the wife of x.
Ay, x) &R
Indeed if x is the wife of y, then y is the hushand of x.
~ R is not transitive.
Let (x, v), (v, 2) ER
= x is the wife of y and y is the wife of z.
This case is not possible. Also, this does not imply that x is the wife of z.
“(x,z) &R
~R is not transitive.
Hence, R is neither reflexive, nor symmetric, nor transitive.
(e} R = {(x, ¥): x is the father of y}
(x, x) &R
As x cannot be the father of himself.
~R is not reflexive.
Mow, let (x, v) eR.
= x is the father of y.
= y cannot be the father of y.
Indeed, y is the son or the daughter of y.
~y, x) &R
~ R is not symmetric.

Mow, let (x, v) e R and (v, z) € R.
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= x is not the father of z.

Indeed x is the grandfather of z.

~(x,z)eR

~R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 2:

Show that the relation R in the set R of real numbers, defined as

R ={(a, b): a = b?} is neither reflexive nor symmetric nor transitive.
Answer

R={(a b):as=b?

11 . | B
5 E £ R, since E} - =1,
It can be observed that =

=R is not reflexive.

Now, (1,4)eRas 1 < 42

bod |

But, 4 is not less than 12

~(4,1) &R

=R is not symmetric.

Now,

(3, 2),(2,1.5)eR

(as3 < 2*=4and 2 < (1.5)* = 2.25)
But, 3 > (1.5)* = 2.25

~(3,1.5) R

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 3:

Check whether the relation R defined in the set {1, 2, 3, 4, 5, 6} as
R={(a, b): b =a + 1} is reflexive, symmetric or transitive.
Answer

let A={1,2,3,4,5,6}.

A relation R is defined on set 4 as:

R=4(a,bl:b=a+ 1}

~R={(1, 2), (2, 3), (3, 4), (4, 5), (5 6)}

We can find (a, a) ¢ R, where a € A.

For instance,

(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6) ¢ R

~R is not reflexive.

It can be observed that (1, 2) € R, but (2, 1) € R.

~R is not symmetric.

Mow, (1, 2),(2,3)eR

But,

(1,3)eR

~R is not transitive

Hence, R is neither reflexive, nor symmetric, nor transitive.



Question 4:

Show that the relation R in R defined as R = {(a, b): a £ b}, is reflexive and transitive
but not symmetric.

Answer

R=14{(a b);,ac=bhb}

Clearly (g, a) e Ras a = a.

~R is reflexive.

Now,

(2,4)eR (as 2 < 4)

But, (4, 2) £ R as 4 is greater than 2.
~ R i1s not symmetric.

Now, let (a, b), (b, c) € R.

Then,

a<bandb=<c

=d=cC

=(a,c)eR

~R is transitive.

Hence,R is reflexive and transitive but not symmetric.

Question 5:

Check whether the relation R in R defined as R = {(a, b): a < b®} is reflexive, symmetric
or transitive.

Answer

R={(a b):ax=b

11 11y
;- E & R as 5 > ; = g
It is observed that = =

~ R is not reflexive.

Mow,
(1,2)eR(as 1 < 2% =8)
But,

(2,1)eR(as 2®> 1)

=~ Ris not symmetric.

3) (3 3Y 3
(3. ;]. [—, g]eRas}e:[;] and ;a:[
We have = 2 5 = =

(3. E]eRas 3>[E] .
But 3 3

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 6:

Show that the relation R in the set {1, 2, 3} given by R = {(1, 2), (2, 1)} is symmetric
but neither reflexive nor transitive.

Answer

let A = {1, 2, 3}.

A relation R on A is defined as R = {(1, 2), (2, 1)}.

It is seen that (1, 1), (2, 2), (3, 3) £R.



~ R 1s not reflexive.

Maw, as (1, 2) e R and (2, 1) € R, then R is symmetric.
Mow, (1, 2) and (2, 1) e R

However,

(1,1)eR

~ R is not transitive.

Hence, R is symmetric but neither reflexive nor transitive,

Question 7:

Show that the relation R in the set A of all the books in a library of a college, given by R
= {(x, ¥): x and y have same number of pages} is an equivalence relation.

Answer

Set A is the set of all books in the library of a college.

R = {x, y): x and y have the same number of pages}

Maw, R is reflexive since (x, x) € R as x and x has the same number of pages.

Let (x, ¥) € R = x and y have the same number of pages.

= y and x have the same number of pages.

= (y, x)ER

~R is symmetric.

MNow, let (x, v) eR and (y, z) € R.

= x and v and have the same number of pages and v and z have the same number of
pages.

= x and z have the same number of pages.

= (x,z)eER

~R is transitive.

Hence, R is an equivalence relation.

Question 8:

Show that the relation R in the set A = {1, 2, 3, 4, 5} given by
R = {{u b):|a-b| is cvcn}

, is an equivalence relation. Show that all the elements of {1,
3, 5} are related to each other and all the elements of {2, 4} are related to each other,
But no element of {1, 3, 5} is related to any element of 2, 4}.

Answer

A=4{1,2, 34,5}
R ={{u, b):|a-b| is even}

a—al|=

) =0 L
It is clear that for any element a €A, we have (which is even).

~R is reflexive.

Let (a, b) € R.

= |a - blis even.

= |-(a—b)|=|b—dlis also even.

= (b, a)eR

~Ri1s symmetric.

Now, let (a, b) € R and (b, ¢) € R.
= |a—b| iseven and |b—c| is even.

= (a—-b) isevenand (b—c) iseven.



=(a-c)=(a-b)+(b-c) 15 even. |Sum of two even integers is even |

= la-c is even.

=(a,c)eR

~Ris transitive.

Hence, R is an equivalence relation.

Now, all elements of the set {1, 2, 3} are related to each other as all the elements of
this subset are odd. Thus, the modulus of the difference between any two elements will
be even.

Similarly, all elements of the set {2, 4} are related to each other as all the elements of
this subset are even.

Also, no element of the subset {1, 3, 5} can be related to any element of {2, 4} as all
elements of {1, 3, 5} are odd and all elements of {2, 4} are even. Thus, the modulus of

the difference between the two elements (from each of these two subsets) will not be

even.

Question 9:

= - < ‘J
Show that each of the relation R in the set A {x €Z:0sxs I'}

R = {(a, b):|a—b|is a multiple of 4}

., given by
(i)
(i R={(a, b):a=b}

is an equivalence relation. Find the set of all elements related to 1 in each case.

Answer

A={xeZ:0<x<12}={0,1,2,3,4,5.6,7,8,9,10, 11, 12}

0 R = {(a b):|a-blis a multiple 0t'4}

ja-

For any element 4 €A, we have (g, a) e R as a|:{l is a multiple of 4,

=R is reflexive.

|a—

Now, let (a, b) eR = h|i5 a multiple of 4.

= |—(a—b)‘ =|b—a| is a multiple of 4.

= (b,a)eR

~R is symmetric.

Now, let (a, b), (b, ) € R.

=>|a—b| is a multiple of 4 and |b—c| is a multiple of 4.
=>(a-b) is amultiple of 4 and (b -¢) is a multiple of 4.
=(a-c)=(a-b)+(b-c) is a multiple of 4.

=>|a-c| is amultiple of 4.

= (a, c) eR

~ Ris transitive.

Hence, R is an equivalence relation.

The set of elements related to 1 is {1, 5, 9} since
|1 - 1| =0 is a multiple of 4,
|5-1|=4 is a multiple of 4,and

|9~1| =8 is a multiple of 4.



(iR ={(a, b):a=>5b}
For any element a €A, we have (a, a) e R, since a = a.
=R is reflexive.

Now, let (a, b) € R.

=a=>5b
=b=a
= (b,a)eR

~Ri1s symmetric.

Now, let (a, b) € R and (b, ¢) € R.

=a=bandb=c

=a=c

=(a,c)eR

~ R is transitive.

Hence, R is an equivalence relation.

The elements in R that are related to 1 will be those elements from set A which are equal
to 1.

Hence, the set of elements related to 1 is {1}.

Question 10:

Given an example of a relation. Which is

(1) Symmetric but neither reflexive nor transitive.

(i) Transitive but neither reflexive nor symmetric.
(iii) Reflexive and symmetric but not transitive.

(iv) Reflexive and transitive but not symmetric.

(v) Symmetric and transitive but not reflexive.
Answer

(i) Let A = {5,6,7}.

Define a relation R on A4 as R = {(5, 6), (6, 5)}.
Relation R is not reflexive as (5, 5), (6, 6), (7, 7) € R.
MNow, as (5, 6) € R and also (6, 5) € R, R is symmetric.
=(5,6),(6,5)e R, but(5,5)eR
~R is not transitive.
Hence, relation R is symmetric but not reflexive or transitive.
(il)Consider a relation R in R defined as:
R={(a b):a=<b}
For any a € R, we have (a, a) & R since a cannot be strictly less than a itself. In fact, a =
a.
~ R is not reflexive.
Mow,
(1,2)eR{as 1 < 2)
But, 2 is not less than 1.
(2, 1)eR
~ R i1s not symmetric.
Now, let (a, b), (b, c) € R.
sa<bandb <c

=a<cC

. LI



=1a,C)ER

~R is transitive.

Hence, relation R is transitive but not reflexive and symmetric.

(iii)Let A = {4, 6, 8}.

Define a relation R on A as:

A = {(4, 4), (6, 6), (8, 8), (4, 6), (6, 4), (6, 8), (8, 6)}

Relation R is reflexive since for every a € A, (a, a) eRi.e., (4, 4), (6, 6), (8, 8)} e R.
Relation R is symmetric since (3, b) e R = (b,a)e R foralla, be R.

Relation R is not transitive since (4, 6), (6, 8) € R, but (4, 8) ¢ R.

Hence, relation R is reflexive and symmetric but not transitive.

(iv) Define a relation R in R as:

R={a b)a®=zbl}

Clearly (a, a) e R as a° = &%
=R is reflexive.

Mow,

(2,1)eR(as 2® = 19)

But,

(1,2) ¢ R (as 1% < 27)
=~ Ris not symmetric.
Now,

Let (a, b), (b, c) e R.
sa’2p’and b® >
=a=>c

= (a,c)eR

~R is transitive.

Hence, relation R is reflexive and transitive but not symmetric.
(v) Let A = {-5, —6}.

Define a relation R on A as:

R = {(-5, -6), (-6, —=5), (-5, =5)}

Relation R is not reflexive as (-6, —6) & R.

Relation R is symmetric as (-5, —6) € R and (-6, —5}€&R.

It is seen that (-5, —6), (-6, —5) € R. Also, (-5, —-5) € R.
~The relation R is transitive.

Hence, relation R is symmetric and transitive but not reflexive.

Question 11:

Show that the relation R in the set A of points in a plane given by R = {(P, Q): distance
of the point P from the arigin is same as the distance of the point Q from the origin}, is
an equivalence relation. Further, show that the set of all point related to a point P = (0,
0) is the circle passing through P with origin as centre.

Answer

R = {(P, Q): distance of point P from the origin is the same as the distance of point Q
from the origin}

Clearly, (P, P) € R since the distance of point P from the origin is always the same as the
distance of the same point P from the origin.

~R is reflexive.

Now,



Let (P, Q) € R.

= The distance of point P from the arigin is the same as the distance of point Q from the
origin.

= The distance of point Q from the origin is the same as the distance of point P from the
origin.

=(Q,P)eR

~Ri1s symmetric.

Now,

Let (P, Q), (Q, S) € R.

= The distance of points P and Q from the origin is the same and also, the distance of
paints Q and S from the origin is the same.

= The distance of points P and S from the origin is the same.

= (P,S)eR

~R is transitive.

Therefore, R is an equivalence relation.

The set of all points related to P = (0, 0) will be those points whose distance from the
origin is the same as the distance of point P from the origin.

In other words, if O (0, 0) is the aorigin and OP = k, then the set of all points related to P
is at a distance of k fram the arigin.

Hence, this set of points farms a circle with the centre as the origin and this circle passes

through paint P.

Question 12:
Show that the relation R defined in the set A of all triangles as R = {(T,, T2): Ty is similar
to T,}, is equivalence relation. Consider three right angle triangles T, with sides 3, 4, 5,

T, with sides 5, 12, 13 and T; with sides 6, 8, 10. Which triangles among Ty, T, and T;
are related?

Answer

R = {(Ts, T2): Tyis similar to T2}

R is reflexive since every triangle is similar to itself.
Further, if (Ty, T,) € R, then T, is similar to T,,
= Tsis similar to T4,

= (T2, T1) R

~R is symmetric.

Mow,

Let (T4, T2), (T2, T3) ER.

= Ty is similar to T2 and Tz is similar to T3,

= Ty is similar to Ts,

= (T, Ts) €R

~ Ris transitive.

Thus, R is an equivalence relation.

Mow, we can observe that:

i_i_i[_ij
6 8 10\ 2

~The corresponding sides of triangles T; and T3 are in the same ratio.

Then, triangle Ty is similar to triangle Ts,



Hence, T; is related to Ts.

Question 13:

Show that the relation R defined in the set A of all polygons as R = {(Py, P2): Py and P2
have same number of sides}, is an equivalence relation. What is the set of all elements
in A related to the right angle triangle T with sides 3, 4 and 57

Answer

R = {(Py, P2): P; and P> have same the number of sides}

R is reflexive since (P,, P;) € R as the same polygon has the same number of sides with
itself.

Let (Py, P;) € R.

= P, and P, have the same number of sides.

= P, and P, have the same number of sides.

= (P,, P,) €R

=R is symmetric.

Now,

Let (P, Py), (P, Ps) € R.

= P, and P, have the same number of sides. Also, P, and P; have the same number of
sides.

= P, and P; have the same number of sides.

= (P, P;) €R

~R is transitive.

Hence, R is an equivalence relation.

The elements in A related to the right-angled triangle (T) with sides 3, 4, and 5 are
those polygons which have 3 sides (since Tis a polygon with 3 sides).

Hence, the set of all elements in A related to triangle T is the set of all triangles.

Question 14:

Let L be the set of all lines in XY plane and R be the relation in L defined as R = {(L,,
Ls): Ly is parallel to Lz}, Show that R is an equivalence relation. Find the set of all lines
related to the line y = 2x + 4,

Answer

R ={(Ly, L:): Ly is parallel to Ly}

R is reflexive as any line L, is parallel to itself i.e., (L, L;) € R.

Now,

Let (L,, Lp) € R.

= [, is parallel to L,

= [, is parallel to L,

= (L, L1) ER

~ R is symmetric.

Mow,

Let (L4, L3), (Ly, L3) €R.

= L, is parallel to L,. Also, L, is parallel to L5

= L, is parallel to L5,

~R is transitive.

Hence, R is an equivalence relation.

The set of all lines related to the line v = 2x + 4 is the set of all lines that are parallel to



the line y = 2x + 4.

Slope of liney =2x +4ism =2

It is known that parallel lines have the same slopes.

The line parallel to the given line is of the form y = 2x + ¢, where ¢ €R.

Hence, the set of all lines related to the given line is given by v = 2x + ¢, where c € R.

Question 15:

Let R be the relation in the set {1, 2, 3, 4} given by R = {(1, 2), (2, 2}, (1, 1), (4, 4),
(1, 3), (3, 3), (3, 2)}. Choose the correct answer.

(A) R is reflexive and symmetric but not transitive.

(B) R is reflexive and transitive but not symmetric.

(C) R is symmetric and transitive but not reflexive.

(D) R is an equivalence relation.

Answer

R={(1,2), (2 2),(1,1),(4,4), (1, 3),(3,3), (3, 2)}

It is seen that (a, a) € R, for every a €41, 2, 3, 4}.

~ R is reflexive.

It is seen that (1, 2) e R, but (2, 1) ¢ R.

~R 15 not symmetric.

Also, it is observed that (a, b), (b, c)e R=(a,c)eRforalla, b, ce {1, 2, 3, 4.
~ R is transitive.

Hence, R is reflexive and transitive but not symmetric.

The correct answer is B.

Question 16:

Let R be the relation in the set N given by R = {(a, b):a=b - 2, b » 6}. Choose the
correct answer.
(A)(2,4)eR(B)(3,8)eR(C)(6,8)eR (D) (8,7)eR
Answer

R=4{(a, blra=b-2,b>06}

Mow, since b = 6, (2, 4) &R
Also,as3+=8-2,(3,8)¢R

And,as 8 =7 -2

S (8,7)eR

Now, consider (6, 8).

We have 8 > 6 and also, 6 =8 — 2,

(6,8} eR

The correct answer is C.
Exercise 1.2

Question 1:

|

| | f(x)=— |
Show that the function f: R« — Rs defined by X is one-one and onto, where R« is
the set of all non-zero real numbers. Is the result true, if the domain R+ is replaced by N
with co-domain being same as R«?

Answer



J .
It is given that /7 R« — R« is defined by X

One-one:

f(x)=1(y)
I 1

X oy

=>x=y

~fis one-one.

Onto:
1 .
x=—eR, (Exists as y #0)

It is clear that for ye R+, there exists Y such that

1
f(x)= =

{-l‘J

~fis onto.

Thus, the given function (f) is one-one and onto.

Now, consider function g: N — Rudefined hy

11
g(x)=g(x,)=>—=—=x=x,
X, X,

~g is one-one.

Further, it is clear that g is not onto as for 1.2 €Rs there does not exit any x in N such
1

that g(x) = 1.2

Hence, function g is one-one but not onto.

Question 2:

Check the injectivity and surjectivity of the following functions:
(i) £ N — N given by fix) = x*

(ii) f: Z —~ Z given by fix) = x*

(iii) £ R — R given by f(x) = x*

(iv) f N — N given by f(x) = x°

(V) f: Z — Z given by f(x) = x*

Answer

(i) - N — N is given by,

fx) = x*

Itis seen that forx, y eN, f(x) = fly) =2 x> = y* = x = y.

~fis injective.

Now, 2 € N. But, there does not exist any x in N such that f(x) = x* = 2.
~ fis not surjective.

Hence, function fis injective but not surjective.

(ii) f: Z — Z is given by,

fix) = x*



Itis seen that f(—1) = f(1) = 1, but -1 = 1.

~ fis not injective.

Now,—2 € Z. But, there does not exist any element x €Z such that f(x) = x2 = - 2.
~ fis not surjective.

Hence, function fis neither injective nor surjective.

(iii) f: R — R is given by,

fx) = x*

Itis seenthat {—1) = f(1) = 1, but -1 = 1.

~ fis not injective.

Now,—2 € R. But, there does not exist any element x € R such that f{x) = x* = -2,
~ fis not surjective.

Hence, function fis neither injective nor surjective.

(iv) 2 N — N given by,

flx) = x°

Itis seen that forx, y eN, fix) = fly) =2 x> = y* = x = y.

~fis injective.

Now, 2 € N. But, there does not exist any element x in domain N such that f{x) = x° =
2.

~ fis not surjective

Hence, function fis injective but not surjective.

(v) f: Z - Zis given by,

fix) = x°

Itis seenthatforx, y e Z, fix) = fy) = x* = y* = x = y.

~ fis injective.

Now, 2 £ Z. But, there does not exist any element x in domain Z such that f(x) = x* = 2.
~ fis not surjective.

Hence, function fis injective but not surjective.

Question 3:

Prove that the Greatest Integer Function f2 R — R given by f{x) = [x], is neither one-
once nor onto, where [x] denotes the greatest integer less than or equal to x.
Answer

f: R — Ris given by,

f(x) = [x]

Itis seen that f{1.2) = [1.2] = 1, f{1.9) = [1.9] = 1.

~f(1.2) = f{1.9), but 1.2 = 1.9,

~ fis not one-one.

Mow, consider 0.7 € R.

It is known that f{x) = [x] is always an integer. Thus, there does not exist any element x
£ R such that f{x) = 0.7.

-~ fis not onto.

Hence, the greatest integer function is neither one-one nor onto.
Question 4:
f

X=X
Show that the Modulus Function f: R — R given by * [ ) | |, is neither one-one nor

x| . . . . X . . . .
onto, where | | is x, if x is positive or 0 and | | is — x, if x is negative.

Answer



f: R — R is given by,
x, ifx=0
1(5) =P

~x, ifx<0

It is seen that f(=0)=F=1r()=I[= L
~A—1) = (1), but —1 = 1.
=~ fis not one-one.

Mow, consider —1 € R.
) x| ) )
It is known that flx) = | | is always non-negative. Thus, there does not exist any

. . X
element x in domain R such that f{x) = | | = -1,
~ fis not onto.

Hence, the modulus function is neither one-one nor onto.

Question 5:

Show that the Signum Function f: R — R, given by

I, ifx >0
f(x)=10,ifx=0
=1, ifx<0

is neither one-one nor onto.
Answer

f: R — Ris given by,

1, ifx>0
S(x)=40,ifx=0
-1, ifx<0

Itisseenthat A1) = A2) =1, but 1 = 2.
~fis not one-one.

Now, as f{x) takes only 3 values (1, 0, or —1) for the element —2 in co-domain R, there
does not exist any x in domain R such that f{x) = -2.
~ fis not onto.

Hence, the signum function is neither one-one nor onto.

Question 6:

letA=41,2,3},B=4{4,5,6,7Fandletf={(1,4),(2,5), (3, 6)} be a function from
A to B. Show that fis one-one.

Answer

It is given that A ={1, 2, 3%, B={4,5,6, 7}.

f- A Bisdefined as f= {(1, 4), (2, 5), (3, 6)}.

~f(1)=4,f(2)=5,f(3)=6

It is seen that the images of distinct elements of A under f are distinct.

Hence, function fis one-one.

Question 7:

In each of the following cases, state whether the function is one-one, onto or bijective.
Justify your answer.

(i) f: R — R defined by f{x) = 3 — 4x



(i) f R —+ R defined by f{x) = 1 + x°
Answer

(i) f: R — R is defined as f(x) = 3 — 4x.
Let x,, x, € Rsuch that f (x, ) = f(x,)

=3-4x, =3-4x,
= —4x, = -4x,
=X =X
~ fis one-one.
3-y

For any real number (y) in R, there exists 4 in R such that

(55

~fis onto.
Hence, fis bijective.

(ii) R — R is defined as
Sfx)=1+x°
Letx,, x, e Rsuch that /(x, )= f(x,)

= 1+x! =1+x]
2 _ 2
=X =X

=X ==*x,

f(.r, )=/(x) does not imply that N =T

For instance,
f)=r(-1)=2
= fis not one-one.

Consider an element —2 in co-domain R.
f(x)=1+x"

Thus, there does not exist any x in domain R such that f{x) = -2,

It is seen that - is positive for all x € R.

- fis not onto.

Hence, fis neither one-one nor anto.

Question 8:

Let A and B be sets. Show that f: A x B+ B = A such that (a, b) = (b, a) is bijective
function.

Answer

frAx B B x Aisdefined as fla, b) = (b, a).
Let (@, b ), (@, b,)e AxBsuchthat /' (a, b )= f(a, b,)

=(b. a)=(b:, a,)
= b =b, and g, = a,
=>(a, b)=(a,, b,)
~ fis one-one.

Now, let (b, 3) € B x A be any element.
Then, there exists (a, b) €A x B such that fla, b) = (b. a). [Bv definition of f]



-~ fis onto.

Hence, fis bijective.

Question 9:
n+l .. .
. ifmis odd

f[??}= 2 forall me N.
E. if nis even

Let f N — N be defined by

State whether the function f is bijective. Justify your answer,

Answer
n+l enisodd
f(n)= 2 forall neN.
%. if n is even

f: N — N is defined as

It can be observed that:

f{l)=ﬂ=1andf(2)= =1 [By definition of /]

ra | b

S f(1)=f(2), where 122,
~ fis not one-one.

Consider a natural number (n) in co-domain N.
Case I: nis odd

~n = 2r + 1 for same r € N. Then, there exists 4r + 1eN such that

CAr+l+l

f(4r+1) 2r+l

Case II: n is even

f(d4r)=—=2r

4r
~n = 2r for some r € N. Then,there exists 4r eN such that ‘ 2

-~ fis onto.

Hence, fis not a bijective function.

Question 10:
letA=R - {3} and B =R — {1}. Consider the function f: A — B defined by

x=2

't_JJ . Is f one-one and onto? Justify your answer.

.f(x}=[

Answer
A=R-{3},B=R-{1}

.f(x)=[:§]_

f: A — Bis defined as
Letx, y€ Asuchthat f/(x)=f(»)

- x-2 y-2
-3 y=3
=(x=2)(y-3)=(r-2)(x-3)

= xp=3x=2y+6=xy-3y-2x+6




= —-3x—-2y=-3y—-2x

= 3x-2x=3y-2y

= x=y

~ fis one-one.

let yeB = R — {1}. Then, y = 1.

The function fis onto if there exists x €A such that f{x) = y.

Mow,

fx)=v
x=2

:} =
x-3 )

A _ %y
=x= YeA [_v:t ]]
-y
=3y
2-3y cA
Thus, for any y € B, there exists 1=y such that

(2—3y]_2
1 2-3y ) L 1-y :2—3_1f—2+2y:—y:v_
l-y (2—3y]_3 2-3y-343y -1 °

-y
- f is onto.

Hence, function fis one-one and onto.

Question 11:

Let f: R — R be defined as f(x) = x*. Choose the correct answer.
(A) fis one-one onto (B) fis many-one onto

(C) fis one-one but not onto (D) fis neither one-one nor anto

Answer

. R
f: R — Ris defined as Y ('t]_ A
Let x, ¥ € R such that f{x) = fly).
= x* =_1-'4
=x=1%y
f{-"'l ) = f{""_*]
For instance,
f()=f(-1)=1

~ fis not one-one.

does not imply that H =4

Consider an element 2 in co-domain R. It is clear that there does not exist any x in
domain R such that f{x) = 2.

-~ fis not onto.

Hence, function fis neither one-one nor onto.

The correct answer is D.

Question 12:

Let f: R — R be defined as f(x) = 3x. Choose the correct answer.



(A) fis one-one anto (B) fis many-one onto
(C) fis one-one but not onto (D) fis neither one-one nor anto
Answer
f: R — Ris defined as f(x) = 3x.
Let x, v € R such that flx) = fly).
= 3x = 3y
Sx =y
~fis one-one.
Y

Alsao, for any real number (y) in co-domain R, there exists 3 in R such that
TORGE

3 3
~fis onto. .
Hence, function fis one-one and onto.
The correct answer is A.

Exercise 1.3

Question 1:

Let f: {1, 3,4y - {1, 2,5yandg: {1, 2,5} — {1, 3} be given by f = {(1, 2), (3, 5],
(4, 1)} and g = {(1, 3), (2, 3), (5, 1}}. Write down gof.

Answer

The functions f: {1, 3,4} -+ {1,2,5} and g: {1, 2, 5} — {1, 3} are defined as
f={(1,2),(3, 5), (4 1)} and g = {(1, 3), (2, 3), (5, 1)].

gof (1)=g(7/(1)=g(2)=3 [ /(1)=2andg(2)=3]
gof (3)=g(/(3))=2(5)=1 [f(3)=5andg(5)=1]
gof (4)=g(/(4))=g(1)=3 [/(4)=1andg(1)=3]

~gof ={(1.3).(3.1).(4.3)}

Question 2:

Let f, g and h be functions from R to R. Show that
(f+g)oh= foh+ goh

(f-g)oh=( foh)-(goh)

Answer

To prove:

(f+g)oh= foh+goh

Consider:

((f+g)oh)(x)

=(/+2)(h(x))

=1 (h(x))+ 2 (h(x))

= (foh)(x)+(goh)(x)

={(foh)+(goh)j(x)

(S +g)oh)(x) = {( foh)+(goh)}(x) YxeR
Hence, (f/ +g)oh= foh+ goh.

To prove:



(f-g)oh=(foh)-(goh)

Consider:

(£~ g)oh)(x)

=(/-2)(h(x))

= f(h(x))-g(h(x))

=(foh)(x)-(goh)(x)

={(foh).(goh)j(x)

= ((1-g)oh)(x) = {( foh).(goh)}(x) ¥x R
Hence, ( f-g)oh=( foh)-(goh).

Question 3:

Find gof and fog, if
oy J(6)=] and 2 (x)=f5—2

(i) f(x)=8x" and g(x)= x-l‘
Answer

(0 f(x)=|x| and g(x)=|5x-2|

(20f) ()= 2(/ () = () = s} -2
(fog)(x)=f(2(x))= £ (|5x~2[)=|5x -2 =[sx~2

(i) f(x)=8x"andg(x)= .r;

w(20f)(x)=g(f(x)) =g (8x") = (8" =2x

(fog)(x) = £ (2(x))= f(x;]=8[x;}1 &

Question 4:

dx+3
10)= ) a2 e
If ( e ) 3 , show that fo f(x) = x, for all 3 | What is the inverse of 7
Answer
4x+3
f{xj=( x+4),x:3
It is given that (6.1' B } 3 .
. . [ 4x+3
(ff ) (x) =7 (f(x))= 1 [ - 4]
4{4x+3 43
 Lbx—4 _16x+12+18x—-12  34x
6(4x+3)_4 24x+18-24x+16 34
6x-4

Therefore, fof (x) = x. for all x # %
= fof =1



Hence, the given function fis invertible and the inverse of fis f itself.

Question 5:

State with reason whether following functions have inverse
(i) - {1, 2, 3, 4% — {10} with

f={(1, 10), (2, 10}, (3, 10), (4, 10}}

(i) g: {5,6,7,8} + {1, 2, 3, 4} with

g = {(5, 4), (6, 3), (7, 4), (8, 2)}

(iii) h: {2, 3,4, 5} —+ {7, 9, 11, 13} with
h=4{(2,7),(3,9), (4, 11}, (5, 13)}

Answer

(i) f: 41, 2, 3, 4% — {10}defined as:

f={(1, 10), (2, 10), (3, 10), (4, 10)}

From the given definition of f, we can see that fis a many one function as: f{1) = f{2) =
f(3) = f(4) = 10

~fis not one-one.

Hence, function f does not have an inverse.

(iiyg: 45,6, 7, 8% — {1, 2, 3, 4} defined as:

g ={(5,4),(6,3),(7,4), (8 2)}

From the given definition of g, it is seen that g is a many one function as: g(5) = g(7) =
4.

~g is not one-one,

Hence, function g does not have an inverse.

(iii) h: {2, 3,4, 5 - {7,9, 11, 13} defined as:

h={(2,7),(3,9), (4, 11), (5, 13)}

It is seen that all distinct elements of the set {2, 3, 4, 5} have distinct images under h.
~Function h is one-one.

Also, his anto since for every element y of the set {7, 9, 11, 13}, there exists an
element x in the set {2, 3, 4, 5}such that h(x) = y.

Thus, h is a one-one and onto function. Hence, h has an inverse.

Question 6:

. X
flx)= (x+2)
Show that f: [—-1, 1] — R, given by * " “/is one-one. Find the inverse of the
function f: [-1, 1] — Range f.
. 2y
flx)== )
(Hint: For y eRange f, ¥ = x+2 , for some x in [—1, 1], i.e., -
Answer
X
X)= .
/(%) (x+2)

f: [-1, 1] — R is given as
Let f(x) = f(y).

X ¥
] =
x+2 y+2

= xy+2x=xy+2y
= 2x=2y

= r= v



~ fis a one-one function.
It is clear that f: [—1, 1] — Range fis onto.

~f:[-1, 1] — Range fis one-one and onto and therefore, the inverse of the function:
f: [-1, 1] — Range f exists,

Let g: Range f — [—1, 1] be the inverse of f.
Let y be an arhitrary element of range 1.

Since f: [—-1, 1] — Range fis onta, we have:

y=f(x) for same x e[-1, 1]

= y=
x+2

= xy+2y=x

=x(l-y)=2y

Now, let us define g: Range f — [-1, 1] as

2y
)=——, ¥l
g)=120

Now., [guf}{x}:g(f(x})=g( ! ]:2(':2]— @ &

x+2) X T x+2-x 2
x+2
2
(fog}[_‘l.)—f{g{})) f[]_y) £+2 2y+2-2y 2 !
-y

|
wgof = [ and fog = liance

o I
f ()=

= -y

Question 7:

Consider f: R — R given by f{x) = 4x + 3. Show that f is invertible. Find the inverse of f.

Answer

f: R — Ris given by,

fix)=4x + 3

One-one:

Let f(x) = fy).

=4x+3=4y+3

=4x=4y

=Sx=y

~ fis a one-one function.

Onto:

Fory e R, let y = 4x + 3.

y=3
4

= x= =R

".I-B =R




Therefore, for any v € R, there exists 4 such that

f(x)= j.[_v:iJ = 4[}!;3}4 =y.

-~ fis onto.

Thus, fis one-one and onto and therefore, £ exists.

=23
Let us define g: R~ R by g{l)_ 4
Now,(gof )(x)= g{f(x)}z g(4x+3)= w - x
{fog)[y)=f(g(.v))=f(":3]=4[*‘";3J+3=y-3 +3=y

. gof = fog =1,

Hence, fis invertible and the inverse of fis given by

y-3

()=e()=27

Question 8:

Consider f: R+ — [4, o) given by f(x) = x* + 4. Show that fis invertible with the inverse

-l = !  J—
£ of given f by ! (1) y—4 , where R, is the set of all non-negative real numbers.
Answer

f: Ry — [4, @) is given as f(x) = x* + 4.
One-one:

Let f(x) = f(y).

S>x +d4=y" +4

=Sy =y

Sx=y l[asx=yeR,]
~ fis a one-one function.
Onto:

For y € [4, o), lety = x* + 4.

:>:::_1-‘—42{]' [usyle]

=x=,y-420

Therefore, for any v € R, there exists x=4y-4¢€R such that

F(x)=f(\y=4)=(Jy=4) +4=y-d+4=y

- fis onto.

Thus, fis one-one and onto and therefore, £ exists.

Let us define g: [4, @) — Ry by,

g(y)={r-4

Now, gof(\'} g(f[ ]) ('r +4)=1f(.1‘2+4)—4=\"3‘_2=.¥

And. fog ()= £ (2(1) = £ (V5= 8) = (Jr—a) +4=(y-4)+4=»

g{}f = fug = Iﬂr

Hanra fic invartihla and tha invarce Af fic anivan b
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f(y)=g(y)=Jr-4.

Question 21:

tan~' /3 - cot 1(-\4@)

Find the values of is equal to

T
(A)n (B) 2(c)o(p) 2V3

Answer

tanx = JE= tan% where ge[-i,i}

Let tan Iﬁ=-r.Then, 22

n
tan ' is [—— —]
We know that the range of the principal value branch of 22

~tan'3=Z
';

t cm"(_ﬁ] -y

Le
Then, cot y =—/3 = —cot E} - COI{II:—E - cots—n where 3 e(0, m).
6 6 6 6

"is (0, x).

The range of the principal value branch of cot
Sn
neot”! (—3) ==
(—¥3)=

Y _
s tan”' 3 —cot '(—ﬁ)=%—%= "165’[ =%=_g

The correct answer is B.

Question 9:
Consider f: Ry — [=5, o) given by f{x) = 9x> + 6x — 5. Show that fis invertible with
) (Vy+6)-1
'I;' = ———————.
r0)=[F
Answer
fi Re — [—=5, ) is given as f(x) = 9x* 4+ 6x — 5.
Let v be an arbitrary element of [-5, ).
Let y = 9% + 6x — 5.

= y=(3x+1) =1-5=(3x+1) -6

=(3x+1)' =y+6

=3x+1=\y+6  [asyz-5=y+6>0]
y+6-1

-
2

= X=

~f is onto, thereby range f = [-5, o).

Jy+6-1
g(y)=Y——.
Let us define g: [-5, @) — Ry as 3

We now have:



(gof )(x)=g(f(x))=g(9x" +6x-5)
=g((3x+1): —6)

(3x+1) -6+6-1

gof = ]Il_ and fog :I|_s,=.

Hence, fis invertible and the inverse of fis given by

01-s) -

3

Question 10:

Let f: X — ¥ be an invertible function. Show that f has unique inverse.
(Hint: suppose g, and g, are two inverses of f. Then for all y € Y,
fog,(y) = Iy) = fog.(y). Use one-one ness of f).

Answer

Let f: X — Y be an invertible function.

Also, suppose f has two inverses (say g andg, I

Then, for all y €¥, we have:

fog, (¥)=1,(y)= fog,(»)

= f(&(»)=1(80))

=g (y)=g(») [/ is invertible = f is one-one|
=g =g, |2 is one-one|

Hence, f has a unigue inverse.

Question 11:

Consider f: {1, 2, 3} — {a, b, ¢} given by f{1) = a, f(2) = band f{3) = c. Find F* and
show that (FY)™ = £,

Answer

Function f: {1, 2, 3} — {a, b, c} is given by,

f{1) =a, f(2)=b,and f(3) = ¢

If we define g: {a, b, c} - {1, 2,3} asg(a) =1, glb) = 2, g(c) = 3, then we have:

(fog)(a)=f(g(a))=r(1)=a
(fog)(b)=r(g(b))=f(2)=b

(fog)(c)=r(gle))=r(3)=c
And,

PN Y Foar.nh PR Y



(gof )(1)=gls(1))=gla)=1
(g“fl(z)= (£(2))=g(2)=2
(gof)(3 S( f[3:|) gle)=3

gof = I-"and fog =1, , where X = {1, 2, 3} and Y= {a, b, c}.
Thus, the inverse of fexists and f ! = g.

Y {a, b, ¢} — {1, 2, 3} is given by,
fia)=1,f*b)=2,fYc) =3

Let us now find the inverse of F1i.e., find the inverse of g.

If we define h: {1, 2, 3} — {a, b, c} as

h(1) = a, h(2) = b, h(3) = c, then we have:

(goh)(1)= g(h[l)) gla)=1
(goh)(2)=g(h(2))=g(b)=2
(goh)(3)=2(h(3))=g(c)=3
And,
(hog)(a)=h(g(a))=h(1)=a
(hog)(b)=h(g(b))=h(2)=b
(hog)(e)=h(g(c))=h(3)=¢

. goh=1, and hog =1,

,where X ={1, 2,3} and Y= {a, b, c}.
Thus, the inverse of g exists and g = h = (FY) ™ = h

It can be noted that h = f.

Hence, (F)™t = Ff.

Question 12:
Let f: X — Y be an invertible function. Show that the inverse of F lis £, i.e.,
(FY™* =~r

Answer

Let f: X — Y be an invertible function.

Then, there exists a function g: ¥ — X such that gof = I,and fog = I,.
Here, F* = g.

Now, gof = Iyand fog = Iy

= f'of = Iyand fof '= 1y

Hence, F*: ¥ — X is invertible and f is the inverse of f*

e, (FY 7 =r

Question 13:

If f R — R be given by f[x]={3—x' ]j
L

(A) ¥ (B)x*(C) x (D) (3 - ¥

Answer

, then fof(x) is

!
LT

f: R — Ris given as f(x}z(j_f) :

f(x)=(3-x)



~fof (x)=x

The correct answer is C.

Question 14:
f:R—{—E}—»R f(x)= ax
Let 3 be a function defined as 3x+4  The inverse of fis map g:
f— R—{—i}given by
Range 3
3y 4y
g(y)= g(y)=
(A) 3—4}‘ (B) 4—3}'
4y 3y
g(v)= g(y)=—
I:C) 3—4_1.—' I:D) 4—3}-‘
Answer
4 . - 4x
:R—q—— R is defined = .
f { 3}—> is defined as f/'(x) id

It is given that

Let y be an arbitrary element of Range f.

4

“_{ 3} v=/,(x)
Then, there exists x € such that - ’

==
3x+4 4 4y
= 3xy+4y=4x - R_{__} g(,v]=4.
=>x(4-3y)=4y Let us define g: Range 3 as 4-3y
1y
—Sx=
4-3y
(20/)(x)= (7 () =g 525,
Now, ' ’ Jx+4
4x
_ x+4) _ 16x _lﬁ_x_x
4_3( 4x ] 12x+16-12x 16
Ix+4
4y
A (£og)(1)= 1 (20))= 1 2
=)
o B
B 4-3y, 16y _16__;!_).
3( 4y ]+4 12y +16-12y 16
4-3y

= ==

L3

gqf= II[ ( .1} and.ﬁ]g = Il-la'rlgcf

Thus, g is the inverse of fi.e., F* = g.



Hence, the inverse of fIs the map g: Range L =2, which Is given by

4y
g (_1') = 4 _-3 ¥ "

The correct answer is B.

Exercise 1.4

Question 1:

Determine whether or not each of the definition of given below gives a binary operation.
In the event that * is not a binary operation, give justification for this.

(i On Z¥, define *bya*b=a - b

(ii) On Z%, define * by a * b = ab

(iii) On R, define * by a * b = ab®

(iv) On Z¥, define * by a * b = |a — b|

(v) On Z¥, define *bya *b=a

Answer

(i) On Z*, * is defined by a * b = a — b.

It is not a binary operation as the image of (1, 2} under*is1*2 =1 -2
=-1¢Z".

(ii) On Z%, * is defined by a * b = ab.

It is seen that for each a, b € Z¥, there is a unique element ab in Z*.

This means that * carries each pair (3, b) to a unique elementa * b = ab in Z%.
Therefore, * is a binary operation.

(iii) On R, * is defined by a * b = ab®.

It is seen that for each a, b € R, there is a unique element ab® in R.

This means that * carries each pair (a3, b) to a unique element a * b = ab”in R.

Therefore, * is a binary operation.
(iii) On R, * is defined by a * b = ab®.
It is seen that for each a, b £ R, there is a unique element ab® in R.
This means that * carries each pair (a3, b) to a unique element a * b = ab®in R.
Therefore, * is a binary operation.
(iv) On Z%, * is defined by a * b = |a — b].
It is seen that for each a, b € Z%, there is a unique element |a — b| in ZT.
This means that * carries each pair (g, b) to a unique elementa * b =
la = blin Z*.
Therefore, * is a binary operation.
(v) On 2%, * is defined by a * b = a.
* carries each pair (a, b) to a unique elementa * b = ain Z°%.
Therefore, * is a binary operation.
Question 2:
For each binary operation * defined helow, determine whether * is commutative or
associative.
(I)On Z, definea*b=a—-b
(i) On Q, definea*b=ab + 1
_ab
(iii) On Q, definea * b 2
(iv) On Z*, definea * b = 2%



(v) On Z%, definea * b = &"
axb=-"2

(vi) On R — {—1}, define b+1

Answer

(iYOn Z, *isdefinedbya *b=a-b.

It can be observed that 1 *2 =1 -2=1and2*1=2 -1 = 1.

21 *2=2%1; wherel,2eZ

Hence, the operation * is not commutative.

Also we have:
(1*2)*3=(1-2)*3=-1*%3=-1-3=-4
1*¥(2*%3)=1*(2-3)=1*-1=1-(-1)=2
A1*2)*3=1*(2*3);wherel,2,3eZ
Hence, the operation * is not associative.

(i) On Q, * is defined by a * b = ab + 1.

It is known that:

ab=bala beQ

=ab+1=ba+10a beQ
=a*b=a*b0da beQ

Therefore, the operation * is commutative.

It can be observed that:
(1*2)*3=(1x2+1)*3=3*3=3x3+1
1*(2*%3)=1*2x3+1)=1*7=1x7+1
A1*2)*3=1*(2*3);wherel,2,3eQ

Il
=~
(==

Il
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Therefore, the operation * is not associative.

_ab
(i) On Q, * is defined bya *b 2
It is known that:
ab=bala beQ
ab_ba
-2 2qn a, beqQ
=a*b=b*ala beqQ
Therefore, the operation * is commutative.
For all a, b, c € Q, we have:
ab
[ 2 ](‘ abe

ab . B
(a*b)#c:[Tjtf: 5 = —

|
.

a*{b*c)w*[%]: 2/ dbe

(a*b)*c=a=(b*c)

Therefore, the aperation * is associative.
(iv) On Z*, * is defined by a * b = 2%,
It is known that:

ab=bala beZ'

2% =20 beZ'

wn*h=h*sMa he7t
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Therefore, the operation * is commutative.

It can be cbserved that:

(192)#3=2"" e3=443=2%" =2"

]*{2*3}=]$2:‘-‘ =1%2"=1%64 =2"
A1 *2)*3=21*(2%3); wherel, 2, 3e2Z"
Therefore, the operation * is not associative.
(v) On Z¥, * is defined by a * b = &".
It can be observed that:
]x2=lz =Ia|‘|d 2*] =2I =2
21%2=2%1;wheret,2e2t
Therefore, the operation * is not commutative.

It can also be observed that:
(2#3)#4=2" %4 =8+4=8"=(2°) =2"
2“'{3"’--1]=?.“34 =2%8]=2%

A(2*3)*4=22*(3*%4); where2,3,42Z"

Therefore, the operation * is not associative.

a*h= g ,
(vi) On R, * — {—1} is defined by bh+1
fa2=_1 - 2= 2 =2,
It can be observed that 2+1 3 and 1+1 2

21*2=2%1:wherel, 2eR - {-1}
Therefore, the operation * is not commutative.

It can also be observed that:

(]*2)*3:3*3: 3 _ 1

2 2 | 1
1‘!(2‘!3):]‘ :]#'_:]*_z_:

3+1 d 2 1
2
A1 *2)*3=+=1*(2*%3);wherel,2, 3eR-{-1}

Therefore, the operation * is not associative.

Question 3:

Consider the binary operation v an the set {1, 2, 3, 4, 5} defined by a vb = min {a, b}.
Write the operation table of the operationv.

Answer

The binary operation v on the set {1, 2, 3, 4, 5} is defined asav b = min {a, b}

Oa be{l,?2,3,4,5}.

Thus, the operation table for the given operation v can be given as:

viIi1]12(|3]14]5




Consider a binary operation * on the set {1, 2, 3, 4, 5} given by the following
multiplication table.

(i) Compute (2 * 3) * 4 and 2 * (3 * 4)

(i) Is * commutative?

(iii) Compute (2 * 3) * (4 * 5).

(

Hint: use the following table)

*11 1213415

511111115

Answer

(V(2*3)*4a=1%4=1

2%(3%4)=2%1=1

(ii) For every a, b {1, 2, 3,4, 5}, we have a * b = b * a. Therefore, the operation * is
commutative.

(ii)(2*3)=1and (4 *5) =1

A(2%3)*(@4*5)=1%1=1

Let*’ be the binary operation on the set {1, 2, 3, 4, 5} defined by a *' b = H.C.F. of &
and b. Is the operation *' same as the operation * defined in Exercise 4 above? Justify
your answer.

Answer

The binary operation *' on the set {1, 2, 3 4, 5} is defined asa *' b = H.C.F of 2 and b.

The operation table for the operation *’ can be given as:

111213145




511|111 ]11]5

We abserve that the operation tables for the operations * and *' are the same.

Thus, the operation *' is same as the operation®.

Question 6:
Let * be the binary operation on N given by a * b = L.C.M. of a and b. Find
(i) 5* 7,20 * 16 (ii) Is * commutative?

(iii) Is * assaciative? (iv) Find the identity of * in N

(v) Which elements of N are invertible for the operation *?
Answer

The binary operation * on N is defined asa * b = L.C.M. of a and b.
(i)5*7=LCM.of 5and 7 = 35

20 *# 16 = L.C.M of 20 and 16 = 80

(i) It is known that:

L.CMofaand b=LC.Mofbanda Oa, be N.
a*b=b*a

Thus, the operation * is commutative.

(iii) For a, b, c € N, we have:
(a*b)*c=(L.CMofaandb) *c=LCMofa, b, and ¢
a*b*c)=a*(LCMofbandc) =L.C.Mofa, b, andc

“{a*b)*c=a*(b*c)

Thus, the operation * is associative.

(iv) It is known that:

LCM. ofaandl =a=LCM. 1andaOaeN
=2a*l=a=1*%a0aeN

Thus, 1 is the identity of * in N.

(v) An element a in N is invertible with respect to the operation * if there exists an
element bin N, suchthata*b=e=0b* a.

Here, e = 1

This means that:
LCMofaandb=1=LCMofbanda

This case is possible only when a and b are equal to 1.

Thus, 1 is the only invertible element of N with respect to the operation *,

Question 7:

Is * defined on the set {1, 2, 3, 4,5+ bya * b = L.C.IM. of 3 and b a hinary operation?
Justify your answer.

Answer

The operation * on the set A = {1, 2, 3, 4, 5} is defined as

a*b=LCM.ofaandb.

Then, the operation table for the given operation * can be given as:

1] 2 3 4 5




414 4 |12 4 |20

515|10115]20] 5

It can be observed from the obtained table that:
3¥2=2%3=0¢A,5%2=2*5=10gA, 3*¥4=4%*3=12¢A
3*5=5*3=15¢A,4*5=5*4=20¢gA

Hence, the given operation * is not a binary operation.

Question 8:

Let * be the binary operation on N defined by a * b = H.C.F. of a and b. [s *
commutative? Is * associative? Does there exist identity for this binary operation on N?
Answer

The binary operation * on N is defined as:

a*b=HCF. ofaandb

It is known that:

H.C.F. of a and b =H.C.F.of band a O a, b e N.

sa*¥*b=b*a

Thus, the operation * is commutative.

Fora, b, c € N, we have:

(a*b)*c=(H.CF.ofaandb) *c=H.C.F.of a, b, and c

a*b*cl=a*H.CF.of bandc) = HC.F. of a, b, and ¢

“{a*b)*c=a*(b*c)

Thus, the operation * is associative.

Now, an element e € N will be the identity for the operation *ifa*e=a=¢e*a Vae
N.

But this relation is not true for any a € N.

Thus, the operation * does not have any identity in N.

Question 9:
Let * be a binary operation an the set Q of rational numbers as follows:
(la*b=a—-b(ila*b=a"+b*
(ila*b=a+ablivia*b=1(a-b?
a*h=—
(v) 4 (viya*b=ab?
Find which of the binary operations are commutative and which are associative.
Answer
(i) On Q, the operation * isdefinedasa * b =a - b.
It can be observed that:

3=-2 1

1 1 1
—— —_— —

3 6 6and 3 2 3 2 6 6
11 1,0 1o
~2 3 32 ;1.-~urh-ere2 3

Thus, the operation * is not commutative.



It can also be observed that:

[I |] 1 1 l] P 11 2=-3 -l
—_—— =] e = = —— = = —
2 3) 4 2 34 6 4 6 4 12 12

| —

(Lel)edLefLl) e 1,1 Leg
2 3) 4 213 4 2 3 4
Thus, the operation * is not associative.

(ii) On Q, the operation * is defined as a * b = a% + b°.
Fora, b e Q, we have:

a*h=a’+b* =b" +a’ =bh*a

a*b=bh*a

Thus, the operation * is commutative.

It can be observed that:

(1#2)#3= (1 +27)*3=(1+4)*4 =54 =5 +4" =41

1#(2#3)=1%(2"+3")=1%(4+9)=1*13=1"+13" =169

S(1#2)*3#1%(2%3) :where 1.2.3 €Q

Thus, ,the operation * is not associative.

(iii) On Q, the operation * is defined as a * b = a + ab.
It can be observed that:

1¥*2=1+1x2=1+2=3

2%1=2+2%x1=2+2=4

S 1*2£2%] s where 1,2 €Q

Thus, the operation * is not commutative.

It can also be observed that:
(1#2)#3=(1+1x2)*3=3+3=3+3x3=3+9=12
l#(2#3)=1#(2+2x3)=1#8=1+1x8=9

s(1#2)*3#1%(2#3) :where 1,2.3 €Q

Thus, the operation * is not associative.

(iv) On Q, the operation * is defined by a * b = (a - b)%.
Fora, b e Q, we have:

a*b=(a-b?
b*a=(b-a)Y¥=[-(a-b)*=(a-b)?
~a*bh=b*a

Thus, the operation * is commutative.

It can be observed that:
(1#2)#3=(1-2) *3=(~-1) *3=1=3=(1-3) =(-2) =4
1#(2#3)=1%(2-3) =1%(=1) =1*1=(1-1)" =0

s(1#2)#3#1%(2+3) s where 1,2.3 €Q

il P Y N PO S T Sy P,
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a*b:ﬂ.

(v) On Q, the operation * is defined as

Fora, b € Q, we have:
gllhz_:_:bka

~a*b=b*a

Thus, the operation * is commutative.

Fora, b, c € Q, we have:

ab_(_
(atb)ic:ﬂb*f_'z 4 =-ﬂb€'
4 4 16

u be
a*[b*c’]=u*b€ - 4 =abc
4 4 16

“Ma*b)*c=a*(b*c)

Thus, the operation * is associative.

(vi) On Q, the operation * is defined as a * b = ab*®
It can be observed that:

1,1 -1l1
23 29 18

11
374 12
11 11

So—%—#—*— where l,leQ
23 32 23

Thus, the operation * is not commutative.

It can also be observed that:

G et (-
O e

,_[lsl]*l,l*[l*‘] whml T1loo
374

1,1
34

2 34 213 4

..

Thus, the operation * is not associative.

Hence, the operations defined in (i), (iv), (v) are commutative and the operation defined

in (v) is associative.

Question 10:

Find which of the operations given above has identity.

Answer

An element e € Q will be the identity element for the operation * if
a*e=a=e*a, Vaeq.

However, there is no such element e € Q with respect to each of the six operations



satisfying the above condition.

Thus, nane of the six operations has identity.

Question 11:

Let & = N x N and * be the binary operation on A defined by
(a,b) *(c,d)=(a+c, b+ d)

Show that * is commutative and associative. Find the identity element for * an A, if any.
Answer

A=NxN

* is a bhinary operation on A and is defined by:

(a, b)*(c,d)=(a+c b+ d)

Let (a, b), (c, d) e A

Then, a, b, ¢, de N

We have:

(a, b)) *(c,d)=(a+c b+d)

(c,d)*(a,b)=(c+a, d+b)=(a+c b+d)

[Addition is commutative in the set of natural numbers]

~(a, b) * (c, d) = (c, d) * (a, b)

Therefore, the operation * is commutative.

Now, let (a, b), (c, d), (e, f) eA

Then, a, b, c, d, e, feEN

We have:
((a.b)*(c.d))*(e, f)=(a+c, b+d)*(e.[)=(a+c+e. b+d+ f)
(a.b)=((c.d)*(e./))=(a.b)*(c+e. d+ f)=(a+c+e b+d+ [)

“A(a.b)*(e.d))*(e. f)=(a.b)*((c.d)*(e. 1))
Therefore, the operation * is associative.

e=(e.,e)eA

An element will be an identity element for the operation * if

a*e=a=e*aV a=[a,,a:}EA( e, (a,+e.a,+e,)=(a,a,)=(e +a.e,+a), .

not true for any element in A.

Therefore, the operation * does not have any identity element,

Question 12:

State whether the following statements are true or false. Justify.

(i) For an arbitrary binary operation *onasetN,a*a=a Va *N.
(ii) If * is a commutative binary operationon N, thena * (b *c)=(c* b) *a
Answer

(i) Define an operation * on N as:

a*b=a+b Va beN

Then, in particular, for b = a = 3, we have:

3*3=3+3=6=%3

Therefore, statement (i) is false.

(i)RHS. =(c*b)*a

= (b *c)* a[* is commutative]

=a * (b * ) [Again, as * is commutative]



= L.H.S.
~a*(b*c)=(c*b)*a

Therefore, statement (ii) is true.

Question 13:

Consider a binary operation * on N defined as a * b = a® + b*. Choose the correct
answer,

(A) Is * both associative and commutative?

(B) Is * commutative but not associative?

(C) Is * associative but not commutative?

(D) Is * neither commutative nor associative?

Answer

On N, the operation * is defined as a * b = a* + b*.

For, a, b, € N, we have:

a*b=a"+b>=b+2°=b* a3 [Addition is commutative in N]
Therefore, the operation * is commutative.

It can be observed that:
(1¥2)*3=(1"+2")*3=9%3=9"+3"=729+27=756
I#(2#3)=1%(2'+3") = 15(8+27) =1x35=1"+35" = 1+(35) = 1+42875 = 42876

A1*2)*3=1*(2*3);wherel,2,3eN
Therefore, the operation * is not associative.

Hence, the operation * is commutative, but not associative. Thus, the correct answer is
B.

Miscellaneous Questions:

Question 1:

Let f: R — R be defined as f(x) = 10x + 7. Find the function g: R - Rsuch thatgof=f
o0g = 1g.

Answer

It is given that f1 R — R is defined as f(x) = 10x + 7.
One-one:

Let f{x) = f{y), where x, v ER.

=210x+ 7 =10y + 7

2x=y

~ fis a one-one function.

Onto:

Fory e R, lety = 10x + 7.

=7
—~x=2_LeR

10

xX= ‘}—?ER
Therefore, for any v € R, there exists 10 such that
y=7 v=7
x)=Jf| ——|=10| - +T=yv=T+T=1

f()f[m] (10] ) .
~ fis onto.

Therefore fis nne-nne and antn
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Thus, fis an invertible function.

y=7
gly)==—.
Let us define g: R —+ R as 10
Now, we have:
. 10x+7)-7 10x
gﬁf(x)=g(f{x)}=g(le+7}=%=l_;=m
And,
y-7 y-17
fﬂg(_}')=f(g(y))=f[' 0 J:]ﬂ(‘ 10 J+7=}-—?+?=}:
- gof =Ig and fog =1
v=7
g(y)==—
Hence, the required function g: R — R is defined as 10

Question 2:
Let f: W — W bhe defined as in) = n — 1, ifisodd and f(n) = n + 1, if n is even. Show
that fis invertible. Find the inverse of f. Here, W is the sat of all whole numbers.
Answer
It is given that:

1 ”)z{n—l, .ifn I‘i odd
£ W - Wis defined as n+1,if n is even

One-one:
Let f(ln) = flm).
It can be observed that if nis odd and m is even, then we will haven — 1 =m + 1.
=n-m=2
However, this is impossible,
Similarly, the possibility of n being even and m being odd can also be ignored under a
similar argument.
~Both n and m must be either odd or even.
MNow, if both n and m are odd, then we have:
finNf=fm)=n-1=m-1=n=m
Again, if both n and m are even, then we have:
finNf=fAm)=n+1=m+1=n=m
~fis one-one.
It is clear that any odd number 2r + 1 in co-domain N is the image of 2r in domain N
and any even number 2r in co-domain N is the image of 2r + 1 in domain N.
~fis onto.
Hence, fis an invertible function.
Let us define g: W — W as:
m+1, if m is even
g("f}={

m=1, if m is odd

Now, when n is odd:



gof (n)=g(f(n))=g(n-1)=n-1+1=n
And, when n is even:

gof (n)=g(f(n))=g(n+1)=n+l-1=n
Similarly, when m is odd:
fog(m)=f(g(m))=f(m=1)=m=1+1=m

When m is even:
fog(m]=f(g{m)}=f(m+]]=m+l—l=m
. --gof =1, and fog =1

Thus, fis invertible and the inverse of fis given by £ = g, which is the same as f.

Hence, the inverse of fis fitself.

Question 3:
If f R — Ris definad by f{x) = x* — 3x + 2, find f{f{x)).
Answer

It is given that £ R — R is defined as f(x) = x* — 3x + 2.
f(f(x)=f(x"-3x+2)

= (¢ -3x+2) =3(x* -3x+2)+2

=x'4+0x* +4-6x" —12x+4x* -3x° +9x—-6+2

=x'—6x" +10x* - 3x

Question 4:

X

Show that function f: R — {x € R: —1 < x < 1} defined by f{x) = l+‘x| , X €ER is one-one
and onto function.
Answer

X

Itisgiventhat f R - {x e R: —1 < x < 1} is defined as f(x) = l+‘.1'| , X €R.

Suppose f(x) = f{y), where x, y € R.

X __ v
l+|.1‘| ]+|_1;|

It can be ohbserved that if x is positive and y is negative, then we have:

S SN 2xy=x-y

l+x 1-y

Since x is positive and y is negative:

x>y=2x—-y=>0

But, 2xy is negative.
Then, 2xy#x—y
Thus, the case of x being positive and y being negative can be ruled out.

Under a similar argument, x being negative and v being positive can also be ruled out
“. x and y have to be either positive or negative.

When x and y are both positive, we have:



. . x y
f(x)=f(y)=>—=——>2x+xy=y+xy>2x=y
I+x I+y

When x and y are both negative, we have:

= X Vv
f{.‘l‘)=f [_l.J):}—:'_:-_, X=XV =YX =>Xx=y
l-x 1-y
= fis one-one.
Now, let y € R such that —1 < y < 1.

y

R
such that

X=
If v is negative, then there exists I+

N —y ) ley-yp !
1+ 3 y=J
1+y
If v is positive, then there exists =y such that

eyl [l—"r] _ lf‘,r Yy
f(x) f[l_y] |+‘( . ]‘ I+1y -

-rl:

1+

I+y

-y -y
=~ Fis onto.

Hence, fis one-one and onto.

Question 5:

Show that the function f: R — R given by f{x) = x* is injective.
Answer

f: R — Ris given as f(x) = x°.

Suppose f(x) = f(y), where x, y € R.

=x>=y* . (1)

Now, we need to show that x = y.

Suppose x = y, their cubes will also not be equal.

= = )P

However, this will be a contradiction to (1).

aX =y

Hence, fis injective.

Question 6:

Give examples of two functions f N - Z and g: Z — Z such that g o fis injective hut g is

not injective.

(Hint: Consider f(x) = x and g(x) = |,t‘|}

Answer

Definef: N - Zasf(x)=xandg: Z + Zas g(x) = M )
We first show that g is not injective.

It can be observed that:

g(-1) = 1171

=1



g(1) =
~g(—1) = g(1), but -1 = 1.

= g is not injective.
gof (x)=g(f(x))=g(x) =]
Let x, ¥ € N such that gof(x) = gof{(y).

S M=

Since x and y € N, both are positive.

Now, gof: N — Z is defined as

|r| = |_]| = XxX=y

Hence, gof is injective

Question 7:
Given examples of two functions f: N — N and g: N — N such that gof is onto but fis

not onto.

g(ﬂ:{_\'—l ifx>1

(Hint: Consider f(x) = x + 1 and I ifx=1
Answer
Define f: N — N by,
fix)=x+1
And, g: N — N by,
x=lifx=>1
E=1 o

We first show that g is not onto.

For this, consider element 1 in co-domain N. It is clear that this element is not an image
of any of the elements in domain N.

~ fis not onto.

Now, gof: N — N is defined by,

gﬂf{.r}:g[_f'(.x)]=g{.t+]) (x+1)-1 [IEN:>{_1:+]:I‘:-|:|

Then, it is clear that for y € N, there exists x = y € N such that gof(x) = y.

Hence, gof is onto.

Question 8:

Given a non empty set X, consider P(X) which is the set of all subsets of X,

Define the relation R in P(X) as follows:

For subsets A, B in P(X), ARB if and only if A c B. Is R an equivalence relation on P(X)?
Justify you answer:

Answer

Since every set is a subset of itself, ARA far all A € P(X).

~R is reflexive.

Let ARB = A c B.

This cannot be implied to B c A,

For instance, if A = {1, 2} and B = {1, 2, 3}, then it cannot be implied that B is related
to A.

~ R is not symmetric.

Further, if ARB and BRC, then A € Band B c C.

- —
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= ARC
~ R is transitive,

Hence, R is not an equivalence relation since it is not symmetric.

Question 9:

Given a non-empty set X, consider the binary operation *: P(X) x P(X) — P(X) given by
A*B=AnNB0OA, BinP(X)is the power set of X. Show that X is the identity element
for this operation and X is the only invertible element in P(X) with respect to the
aperation®,

Answer

tis given that = P(X)XP(X) > P(X)is defined as A» B= AN B ¥ A BeP(X)

We know that ANX=4A=XnA VAEP{X}l

S A*X=A=X+*AY AeP(X)

Thus, X is the identity element for the given binary operation *.

Mow, an element Ae P(X]is invertible if there exists Be PU‘ :Isuch that

A*B=X=B=A (As X is the identity element )

i.e.,

AnB=X=BnA

This case is possible anly when A = X = B.

Thus, X is the only invertible element in P(X) with respect to the given operation®.

Hence, the given result is proved.

Question 10:

Find the number of all onto functions from the set {1, 2, 3, ..., n) to itself.

Answer

Onto functions from the set {1, 2, 3, ... ,n} to itself is simply a permutation on n symbaols
i, 2, ..., n.

Thus, the total number of onto maps from {1, 2, ... , n} to itself is the same as the total

number of permutations on n symbeols 1, 2, ..., n, which is n.

Question 11:

let S = {3, b, c}and T = {1, 2, 3}. Find F* of the following functions F from S to T, if it
exists.

(i) F={(a, 3), (b, 2), (c, 1)} (ii) F = {(a, 2), (b, 1), (c, 1)}
Answer

S={a b,c}y, T=11, 2, 3}

(i) F: 5§ — Tis defined as:

F={(a, 3), (b, 2), (¢, 1)}

=F(a)=3,F(b)=2,Fc)=1

Therefore, F % T — S is given by

F'={(3, a), (2 b), (1, O}

(ii) F: § — T is defined as:

F={(a, 2), (b, 1), (c, 1)}

T TSN — f 4 Ll



SINCe r (0) =T (C) = L, I IS NOT one-one.
Hence, F is not invertible i.e., F ! does not exist.
Question 12:

: . . ' a*bh= |.:r—h‘
Consider the binary operations®: R xR — and 0: R x R — R defined as and
aob=a,da, b e R. Show that * is commutative but not associative, o is associative
but not commutative. Further, show that Oa, b, ce R, a*(boc)=(a * b)o (a * c). [If

it is so, we say that the operation * distributes over the operation o]. Does o distribute

over *? Justify your answer.

Answer
It is given that *: R xR — and o: R x R — R isdefined as

*h: —h
“ |“ |andaob=a,Da,bER.

Fora, b € R, we have:

a*b=|a-b

bh*a= |h—u| = ‘—{u—h}| = ‘u—h|
a*b=b%*a
~» The operation * is commutative.

It can be observed that,
(1%2)*3=(1-2|)*3=1%3=1-3|=2
1#(2#3) =1%(|2-3[) = 1*1=[1-1|=0
~(1#2)#321%(2#3) (where 1,2,3€R)

~The operation * is not associative.

MNaw, consider the aperation o:

It can be observed that1o2 =1and 201 = 2.
~1o2=201(wherel,2eR)

+~The operation o is not commutative.

Let a, b, c € R. Then, we have:
(aobl)oc=ao0c=a

aol(boc)=aob=a
=agobl)oc=ao(boc)

~ The operation o is associative.

MNaw, let a, b, ¢ € R, then we have:

-

a*(boc)=a*b=

)= I:|-:r—b“0l:|ﬁ—-:‘|) =|a—b‘

(a*blo(a*c
Hence,a* (boc)=(a*b)o(a*c).

Mow,

o3 < tol2-3)=t01=1

{1oz}>"(1c>3)=1*1=|I_l|=fJI

2lo(2*3)=(102)*(103)(wherel, 2, 3R)
+ The operation o does not distribute over *.

Question 13:

Given a nan-empty set X, let *: P(X) x P(X) — P(X) be definedas A*B=(A-B)u (B

_AY T1 A Bz DYV Chaw that the amnte cat e the idantitag far tha anaratinn £ and all
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the elements A of P(X) are invertible with A™ = A. (Hint: (A — ®) U (® — A) = A and (A
—Alu(A-A)=A*A=0Q).

Answer

It is given that *: P(X) x P(X) — P(X) is defined as
A*B=(A-B)u(B-A)OA, BeP(X).

Let A € P(X). Then, we have:

A*P=[A-Qu(@-A)=Auvd=A

D*FA=(@-A)v(A-D)=PUA=A

SAFD=A=0*A OAEeP(X)

Thus, @ is the identity element for the given operation®,

MNaw, an element A € P(X) will be invertible if there exists B € P(X) such that
A*B=®=B8B%*A. (As @©is the identity element)

Now, we observed that AxA=(A-A)(4-A)=gud=¢ VAe ]}{X).

Hence, all the elements A of P(X) are invertible with A™* = A.

Question 14:
Define a binary operation *on the set {0, 1, 2, 3, 4, 5} as
a+b, ifa+bh<6

arbh=

a+b-6 ifa+hz6

Show that zero is the identity for this operation and each element a = 0 of the set is
invertible with 6 — & being the inverse of a.
Answer
Let X =4{0,1,2,3,4,5}.
The aperation * on X is defined as:
a+b ifa+b<6
ﬂ*b = .
a+b-6 ifa+b=6

An element e € X is the identity element for the operation *, ifd*e¢=a=¢*a VaeX.
For a € X', we observed that:

a*0=a+0=a [uEX::-a+U<6]

Oxa=0+a=a [aEX::-Ui—acf)]

Larl=a=0*aVaec X

Thus, 0 is the identity element for the given operation *.

An element a € X is invertible if there exists be X such thata *b=0=0b * a.
. a+bh=0=hbh+a, ifa+bh<6

I "{a+h-ﬁ=0=h+u—6, ifa+hz6

e,

a=-borb=06-2a

But, X =4{0,1,2,3,4,5}and a, be X. Then, a = —b.
+b=6—aistheinverse of a O a e X.

Hence, the inverse of an elementa eX, a = 0is6 —ai.e.,a =6 — a.

Question 15:
letA=4{-1,0,1,2}, B=4{-4,-2,0,2}andf, g: A — B be functions defined by fix) =

,.f‘u\_-'rlu ll 1 e A
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x* — x, x € A and “ . Are fand g equal?

Justify your answer. (Hint: One may note that two function f: 4 - Band g: A — B such
that f{a) = g(a) Oa €A, are called equal functions).

Answer

Itis giventhat A ={-1,0,1, 2}, B={-4,-2,0, 2}.
Also, it is given that f, g: A — B are defined by f{x) = x* — x, x € A and

g(.‘-.‘}=2 ,r—% —l,xe d

It is observed that:

F(=)=(=1) =(-1)=1+1=2

g(-1)= 2|(—I}—§I|— 1= 2[%}4 =3-1=2

=/(-N=g(-1)

£(0)=(0)' ~0=0
g(0]=2|{)—%|—l=2[5[]—1=1—]=U
= /(0)=g(0)
F()=(1y-1=1-1=0

g(l}=2‘]—%|—l=2(%]-|=|—|=0

=/()=g(1)
7(2)=(2)' -2=4-2=2
g(2)=22-1 -|=2G]-1=3-|=2

=/(2)=2(2)
s fla)=g(a) Vae 4

Hence, the functions f and g are equal.

Question 16:

Let A = {1, 2, 3}. Then number of relations containing (1, 2) and (1, 3) which are
reflexive and symmetric but not transitive is

(A)1(B)2(C)3(D)4

Answer

The given setis A = {1, 2, 3}.

The smallest relation containing (1, 2) and (1, 3) which is reflexive and symmetric, but
not transitive is given by:

R ={(1, 1), (2, 2), (3, 3), (1, 2), (1, 3), (2, 1), (3, 1)}

This is because relation R is reflexive as (1, 1), (2, 2), (3, 3) e R.

Relation R is symmetric since (1, 2), (2, 1) eR and (1, 3), (3, 1) eR.

But relation R is not transitive as (3, 1), (1, 2) € R, but (3, 2) € R.

Now, if we add any two pairs (3, 2) and (2, 3) (or both) to relation R, then relation R will
become transitive.

Hence, the total number of desired relations is one.

The correct answer is A.

NDueactinn 17:



Let A = {1, 2, 3}. Then number of equivalence relations containing (1, 2) is
(A)1(B)2(C)3 (D)4

Answer

It is given that A = {1, 2, 3.

The smallest equivalence relation containing (1, 2) is given by,

Ry = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 1)}

Now, we are left with only four pairs i.e., (2, 3), (3, 2), (1, 3), and (3, 1).

If we odd any one pair [say (2, 3)] to R, then for symmetry we must add (3, 2). Also,
for transitivity we are required to add (1, 3) and (3, 1).

Hence, the only equivalence relation (bigger than R;) is the universal relation.
This shows that the total number of equivalence relations containing (1, 2) is twao.

The correct answer is B.

Question 18:
Let f: R — R be the Signum Function defined as

I, x>0

f(x)=10, x=0
-1, x<0

and g: R — R be the Greatest Integer Function given by g(x) = [x], where [x] is
greatest integer less than or equal to x. Then does fog and gof coincide in (0, 1]7
Answer

It is given that,

I, x>0
f(x)=10, x=0

f: R — Ris defined as ~Lx<0

Also, g: R — Ris defined as g(x) = [x], where [x] is the greatest integer less than or
equal to x.

Mow, let x € (0, 1].

Then, we have:

[x]=1ifx=1and[x]=0if0 < x < 1.

- f(l) ifx=1 1, ifx=1
*-ﬁ’g‘:x]=f{g(-r)}=f(['r])={f(ujl ifre (O.I}z {0“ ifxe(0.1)
gof ()= 2(f(x))

:g(l} [I}U]

=[1]=1
Thus, when x € (0, 1), we have fog(x) = Dand gof (x) = 1.

Hence, fog and gof do not coincide in (0, 1].

Question 19:

Number of binary operations on the set {a, b} are
(A) 10 (B) 16 (C) 20 (D) 8

Answer

A binary operation * an {a, b} is a function from {a, b} x {a, b} — {a, b}



l.e., ®is a function from 4{(a, a), (a, b), (b, a), (b, b)} — {a, b}.
Hence, the total number of binary operations on the set {a, b} is 2% i.e., 16.

The correct answer is B.



